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Devwudfw

Zh xvxdoo| dvvxph lqfuhdvhv lq vxsso|/ doorfdwlrq e| udwlrqlqj/ dqg h{0

foxvlrq ri srwhqwldo ex|huv zloo qhyhu udlvh sulfhv1 Exw doo ri wkhvh dfwlylwlhv

udlvh wkh h{shfwhg sulfh lq dq lpsruwdqw vhw ri fdvhv zkhq frpprq0ydoxh

dvvhwv duh vrog1 Ixuwkhupruh/ zkhq zh pdnh wkh dvvxpswlrqv qhhghg wr uxoh

rxw wkhvh �dqrpdolhv� zkhq ex|huv duh v|pphwulf/ vpdoo dv|pphwulhv dprqj

wkh ex|huv qhfhvvdulo| fdxvh wkh dqrpdolhv wr uhdsshdu1

Nh|zrugv= Dxfwlrq wkhru|/ frpprq ydoxh/ zlqqhu*v fxuvh/ SFV dxfwlrq/

vshfwuxp dxfwlrq/ dluzdyhv dxfwlrq/ lqlwldo sxeolf r�hulqjv/ LSR1

MHO Qr= G77 +Dxfwlrqv,/ O<9 +Whohfrppxqlfdwlrqv,/ J63 +Frusrudwh Il0

qdqfh,/ J57 +Lqyhvwphqw Edqnlqj,
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4 Lqwurgxfwlrq

Lqfuhdvhv lq vxsso| orzhu sulfhv1 Lw lv qhyhu sur�wdeoh wr frpplw wr udwlrqlqj

dw d sulfh dw zklfk wkhuh lv vxuho| h{fhvv ghpdqg1 H{foxglqj srwhqwldo ex|huv

fdqqrw udlvh sulfhv1 Wkhvh vwdwhphqwv hyrnh doprvw xqlyhuvdo djuhhphqw lq

rxu surihvvlrq1 \hw hfrqrplvwv iurp Yheohq +4;<<, wr Ehfnhu +4<<4, kdyh

vrxjkw wr h{sodlq h{dpsohv ri sulflqj wkdw dsshdu wr frqwudglfw wkhvh wuxwkv1

Lq idfw/ lw lv shuihfwo| uhdvrqdeoh iru wkhvh vwdwhphqwv wr eh idovh1 Wklv

sdshu vkrzv zk|/ dqg zkhq wklv lv prvw olnho| wr kdsshq1

Wr xqghuvwdqg rxu uhvxowv/ lw lv lpsruwdqw wr xqghuvwdqg krz d elgghu

ghwhuplqhv wkh pd{lpxp kh zloo eh zloolqj wr sd| iru dq dvvhw1 Li d ex|hu*v

hvwlpdwh ri dq dvvhw*v ydoxh lv d�hfwhg rqo| e| klv rzq shufhswlrqv dqg qrw

e| wkh shufhswlrqv ri rwkhuv/ kh vkrxog eh zloolqj wr sd| xs wr klv ydoxdwlrq1

Wklv lv wkh Dgdp Vplwk zruog/ zkhuh d ex|hu fdq hdvlo| pd{lpl}h klv xwlolw|

jlyhq dq| vhw ri sulfhv/ dqg d �up fdq hdvlo| pd{lpl}h lwv sur�wv1 Lq wklv

vruw ri �sulydwh ydoxh� prgho/ wkh vwdwhphqwv lq wkh �uvw sdudjudsk duh wuxh1

Exw lq pdq| lpsruwdqw pdunhwv rwkhuv* shufhswlrqv duh lqirupdwlyh1 Wkh

h{wuhph fdvhv duh �frpprq0ydoxh� dvvhwv/ ru dvvhwv doo ex|huv zrxog ydoxh

htxdoo| li wkh| vkduhg wkh vdph lqirupdwlrq1 Ilqdqfldo dvvhwv khog e| qrq0

frqwuro lqyhvwruv pd| eh wkh ehvw h{dpsoh> rlo �hogv duh frpprqo| flwhg1

Prvw dvvhwv kdyh erwk d sulydwh dqg frpprq ydoxh hohphqw/ sduwlfxoduo|

li lpshuihfw vxevwlwxwhv h{lvw1 Iru h{dpsoh/ d krxvh*v ydoxh zloo kdyh erwk

frpprq dqg lglrv|qfudwlf +sulydwh, hohphqwv1

Zlwk frpprq ydoxhv/ ex|huv pd| �qg lw suxghqw wr h{lw dq dvfhqglqj

sulfh dxfwlrq dw pruh ru ohvv wkdq wkhlu suh0dxfwlrq hvwlpdwh ri wkh ydoxh/

vr wkh vwdwhphqwv lq wkh �uvw sdudjudsk duh riwhq idovh lq frpprq0ydoxh

dxfwlrqv1

Wkh uhdvrq lv wkh �zlqqhu*v fxuvh�1 Ex|huv pxvw elg pruh frqvhuydwlyho|

wkh pruh elgghuv wkhuh duh/ ehfdxvh zlqqlqj lpsolhv d juhdwhu zlqqhu*v fxuvh1

5



Wklv h�hfw fdq pruh wkdq frpshqvdwh iru wkh lqfuhdvh lq frpshwlwlrq fdxvhg

e| pruh elgghuv/ vr pruh elgghuv fdq orzhu h{shfwhg sulfhv14 Frqyhuvho|/

dgglqj pruh vxsso|/ dqg2ru udwlrqlqj/ fuhdwhv pruh zlqqhuv/ vr uhgxfhv wkh

edg qhzv ohduqhg e| zlqqlqj/ dqg vr pd| udlvh elgv hqrxjk wr lqfuhdvh h{0

shfwhg sulfhv1 Wklv sdshu vkrzv zkhq wklv kdsshqv dqg zk| lw lv vxusulvlqjo|

riwhq1

D jrrg h{dpsoh lv surylghg e| wkh pdunhw iru Lqlwldo Sxeolf R�hulqjv

+LSRv,1 Udwkhu wkdq ehlqj sulfhg wr fohdu wkh pdunhw/ pdq| LSRv duh pdgh

dw sulfhv wkdw jxdudqwhh h{fhvv ghpdqg1 E| sulflqj orz hqrxjk vr wkdw

hyhu|rqh zloo zdqw wr ex|/ srwhqwldo vkduhrzqhuv duh devroyhg ri wkh zlqqhu*v

fxuvh ri rqo| ehlqj ex|huv zkhq wkh| duh dprqj wkh prvw rswlplvwlf lqyhvwruv1

Wklv doorzv wkh srrolqj sulfh wr eh txlwh kljk dqg/ xqghu txlwh uhdvrqdeoh

frqglwlrqv/ dv kljk ru kljkhu wkdq wkh h{shfwhg sulfh lq d vwdqgdug dxfwlrq15

Rxu uhvxowv duh hvshfldoo| olnho| lq dv|pphwulf �doprvw frpprq ydoxh�

pdunhwv lq zklfk vrph frpshwlwruv kdyh d vpdoo dgydqwdjh/ ehfdxvh wkh rwkhu

elgghu+v, wkhq idfh dq h{dfhuedwhg zlqqhu*v fxuvh1

Wklv zdv looxvwudwhg lq wkh D dqg E edqg vshfwuxp dxfwlrq khog lq 4<<70<8

e| wkh Ihghudo Frppxqlfdwlrqv Frpplvvlrq1 Sdfl�f Whohvlv zdv wkh qdwxudo

ex|hu ri wkh vlqjoh Orv Dqjhohv olfhqvh dydlodeoh iru vdoh/6 dqg zdv deoh wr df0

4Vwhyhq Pdwwkhzv +4<;7, kdv douhdg| surylghg dq h{dpsoh zlwk v|pphwulf elgghuv
dqg d!oldwhg frpprq ydoxhv lq zklfk dgglwlrqdo elgghuv uhgxfh h{shfwhg uhyhqxh lq d
�uvw0sulfh dxfwlrq1 Rxu sdshu surylghv lqvljkw lqwr zk| uhvxowv olnh rxuv dqg Pdwwkhzv*
fdq dulvh/ dqg vkrzv wkh| duh vxusulvlqjo| olnho|1

5D uhodwhg h{dpsoh lv zkhq wkh ydoxh ri dq dvvhw lv qrw doorzhg wr ulvh ru idoo pruh
wkdq d �{hg dprxqw lq d gd|1 Wkh Vrxwk Nruhdq zrq zdv olplwhg wr d 43 shufhqw gdlo|
ghfolqh wkurxjk hduo| Ghfhpehu ri 4<<:1 Wkh olplwdwlrq suhyhqwhg wkh pdunhw iurp ixoo|
djjuhjdwlqj elgghuv* lqirupdwlrq dqg wkh sulfh ihoo e| wkh pd{lpxp rq vhyhudo gd|v1 Zkhq
wkh olplwdwlrq zdv uhpryhg dqg wkh pdunhw zdv doorzhg wr fohdu/ wkh sulfh dfwxdoo| urvh= lw
lv hqwluho| srvvleoh wkdw li d sulfh lv duwl�fldoo| �{hg rqo| voljkwo| lq h{fhvv ri wkh h{shfwhg
pdunhw fohdulqj sulfh wkhuh zloo eh dq hqruprxv h{fhvv vxsso|/ exw li wkh pdunhw lv doorzhg
wr fohdu wkh sulfh zloo ulvh deryh wkh �{hg udwh1 +Reylrxvo|/ wkh Nruhdq vlwxdwlrq zdv
yhu| frpsoh{ dqg uhod{lqj wkh olplw rq wkh dprxqw wkh zrq frxog idoo pd| qrw kdyh ehhq
lpsruwdqw iru wkh lqfuhdvh lq wkh pdunhw sulfh1,

6DW)W zdv lqholjleoh wr elg/ dqg SdfWho kdg wkh ehqh�w ri lwv qdph uhfrjqlwlrq dqg
h{shulhqfh lq Fdoliruqld/ dv zhoo dv lwv idploldulw| zlwk wkh Fdoliruqld zluhohvv pdunhw lq
zklfk lw zdv d gxrsrolvw sulru wr lwv vslqr� ri lwv fhooxodu vxevlgldu|/ Dluwrxfk1 Qr rqh
nqrzv zkdw SFV olfhqvhv duh uhdoo| zruwk/ exw lw lv idlu wr vd| wkdw wkh OD olfhqvh zdv
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txluh lw yhu| fkhdso|17 Pdunhwv zkhuh wzr olfhqvhv zhuh vrog jhqhudoo| |lhoghg

pruh frpshwlwlyh sulfhv uhodwlyh wr wkhlu ghprjudsklf fkdudfwhulvwlfv18 Hyhq

zkhuh rqh elgghu kdg dq dgydqwdjh/ wkh sulfhv ri erwk olfhqvhv zhuh ghwhu0

plqhg e| djjuhvvlyh frpshwlwlrq iru wkh vhfrqg olfhqvh1 Vr sulfhv zhuh ehwwhu/

hyhq wkrxjk wkh wklug0kljkhvw elg vhw wkh sulfh lq wkhvh pdunhwv zkloh wkh

vhfrqg0kljkhvw elg vhw wkh sulfh lq Orv Dqjhohv19

Lq vhfwlrq 5 zh vhw xs d vlpsoh prgho ri d vwdqgdug dvfhqglqj dxfwlrq:

dprqj elgghuv zlwk �doprvw�frpprq ydoxhv1 Vhfwlrq 6 vkrzv zkhq kljkhu

sulfhv duh dvvrfldwhg zlwk vhoolqj pruh xqlwv lq wkh v|pphwulf fdvh1 Vhfwlrq 7

vkrzv wkdw wkh uhvxowv duh gudpdwlfdoo| gl�huhqw zkhq elgghuv duh dv|pphw0

ulf= juhdwhu vxsso| udlvhv sulfh suhflvho| zkhq lw grhv qrw zlwk v|pphwulf

elgghuv$ Vhfwlrq 8 vkrzv zkhq udwlrqlqj/ dv lq Lqlwldo Sxeolf R�hulqjv/ lv

rswlpdo1 Lw dovr vkrzv zkhq uhvwulfwlqj sduwlflsdwlrq lq dq dxfwlrq fdq udlvh

h{shfwhg uhyhqxhv/ dqg frqvlghuv �uvw0sulfh dxfwlrqv1; Vhfwlrq 9 frqfoxghv1<

zruwk pruh wr SdfWho wkdq dq|rqh hovh1
7Zkloh wkh IFF*v pdqgdwh zdv iru hfrqrplf h!flhqf| udwkhu wkdq uhyhqxh/ dqg dzdug0

lqj wkh olfhqvh wr SdfWho zdv doprvw fhuwdlqo| h!flhqw/ li SdfWho kdg sdlg pruh wkhuh zrxog
kdyh ehhq dq h!flhqf| jdlq wr wkh hfrqrp| iurp ehlqj deoh wr uhgxfh wkh ghdgzhljkw orvv
iurp wd{dwlrq1

8Wkh prvw reylrxv h{dpsoh lv Fklfdjr/ zkhuh wkh sulfhv zhuh derxw '64 shu khdg ri
srsxodwlrq iru hdfk ri wkh wzr olfhqvhv/ frpsduhg zlwk ohvv wkdq '59 shu khdg ri srsxodwlrq
iru Orv Dqjhohv* vlqjoh olfhqvh/ lq vslwh ri Fklfdjr*v lqihulru ghprjudsklf fkdudfwhulvwlfv1
+Wkh idprxv orqj frppxwhv ri Dqjhohqrv dqg wkh srsxodwlrq ghqvlw| lq wkh duhd pdnhv lw
d sduwlfxoduo| ghvludeoh sodfh wr rzq d zluhohvv whohskrqh iudqfklvh1, Wkh vlqjoh Qhz \run
olfhqvh |lhoghg rqo| '4: shu khdg ri srsxodwlrq1

9Rxu prgho grhv qrw lqyroyh elgglqj frvwv/ exw wkhvh zrxog whqg wr uhlqirufh rxu
h{sodqdwlrq dqg uhvxow1 Vhh Dyhu| +4<<;,/ Gdqlho dqg Kluvkohlihu +4<<8,/ dqg Kluvkohlihu
+4<<8, iru prghov lqfoxglqj elgglqj frvwv1

:Wkh vshfwuxp dxfwlrq zdv dq dvfhqglqj dxfwlrq/ exw dovr lqfoxghg d qxpehu ri vshfldo
ihdwxuhv ghvljqhg wr doorz olfhqvhv iru gl�huhqw uhjlrqv wr eh vrog vlpxowdqhrxvo| +vhh/ iru
h{dpsoh/ PfDihh dqg PfPloodq +4<<9,,1 Krzhyhu/ zh gr qrw eholhyh wkhvh dgglwlrqdo
ihdwxuhv d�hfw rxu edvlf dujxphqw1

;Wkh �uvw +4<<:, gudiw ri wklv sdshu vkrzv krz rxu prgho fdq eh xvhg wr ghyhors rqh
srvvleoh h{sodqdwlrq ri wkh �Ghfolqlqj Sulfh Dqrpro|�1 +Vhh Dvkhqihowhu +4<;<,/ D|uhv
dqg Fudpwrq +4<<9,/ Ehjjv dqg Judgg| +4<<:,/ Eodfn dqg ghPh}d +4<<5,/ Ohylq +4<<:,/
PfDihh dqg Ylqfhqw +4<<6,/ Slwfkln +4<<8,/ Slwfkln dqg Vfkrwwhu +4<;;, dqg yrq ghu Ihku
+4<<7,/ dprqj rwkhuv iru ixuwkhu glvfxvvlrq ri wkh �dqrpro|� dqg rwkhu h{sodqdwlrqv ri
lw1, Zh sodq wr sxuvxh wklv ixuwkhu lq vxevhtxhqw zrun1

<Rwkhu uhfhqw sdshuv wkdw xvh vlplodu prghov wr rxuv duh Dyhu| dqg Ndjho*v +4<<:,/
gh Iuxwrv dqg Urvhqwkdo*v +4<<:,/ dqg Nulvkqd dqg Prujdq*v +4<<:, Zrunlqj Sdshuv1
Nulvkqd dqg Prujdq ghyhors lpsruwdqw lqvljkwv derxw wkh h�hfwv ri frooxvlrq dqg mrlqw0
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5 Wkh Prgho

Zh xvh wkh vlpsohvw srvvleoh prgho wr pdnh rxu srlqwv= hdfk ri 6 ulvn0qhxwudo

srwhqwldo elgghuv revhuyhv d sulydwh vljqdo |� lqghshqghqwo| dqg lghqwlfdoo|

glvwulexwhg dffruglqj wr wkh glvwulexwlrq 8 E|��c � ' �c 2c ��Zh dvvxph 8 E�� kdv
d vwulfwo| srvlwlyh frqwlqxrxv �qlwh ghulydwlyh sE�� hyhu|zkhuh rq lwv udqjh/

dqg wkh orzhvw srvvleoh vljqdo lv | : fc vr 8 E|� ' f� Frqglwlrqdo rq doo wkh

vljqdov/ wkh h{shfwhg ydoxh/ ��c ri d xqlw wr � lv

�� ' E� n k��|� n |2 n |�

�2 ' |� n E� n k2�|2 n |�

�� ' |� n |2 n E� n k��|�

Wkdw lv/ hdfk xqlw kdv d frpprq ydoxh/
S�

�'� |�cwr doo wkh elgghuv/ soxv d sul0

ydwh ydoxh/ k�|�c wr hdfk elgghu �1 Zh zloo irfxv rq wzr fdvhv/ �wkh v|pphwulf

fdvh� lq zklfk k� ' k2 ' k� ' k : f dqg �wkh dv|pphwulf fdvh� lq zklfk

k� : k2 ' k� ' k : f� Lq wkh odwwhu fdvh zh zloo uhihu wr elgghu 4 dv wkh

�dgydqwdjhg� elgghu/ dqg elgghuv 5 dqg 6 dv �glvdgydqwdjhg� elgghuv1 Zh

duh lqwhuhvwhg lq wkh fdvh lq zklfk wkh sulydwh0ydoxh frpsrqhqwv/ wkdw lv/ wkh

k�*v/ duh doo vpdoo dqg vr wkh vl}hv ri elgghuv* dgydqwdjhv dqg glvdgydqwdjhv

duh dovr vpdoo1 Wr pdnh rxu srlqwv prvw vwduno| dqg vwudljkwiruzdugo|/ zh

frqvlghu dq dv|pphwulf fdvh lq zklfk k*k� lv dovr vpdoo/ vr zh vwdwh rxu uh0

vxowv wkurxjkrxw iru wkh olplwv lq zklfk k� $ fc;�c dqg/ iru wkh dv|pphwulf
fdvh/ k*k� $ f�43

elgglqj lq frpprq0ydoxh dxfwlrqv1 Lqghshqghqwo| iurp wkh �uvw +4<<:, gudiw ri rxu sdshu/
wkh| dovr rewdlq uhvxowv wkdw duh htxlydohqw wr wkh v|pphwulf fdvh ri rxu vhfwlrq 815 derxw
uhvwulfwlqj sduwlflsdwlrq1 Wkh| gr qrw wdfnoh wkh dv|pphwulf fdvh ehfdxvh wkhlu prgho/
xqolnh rxuv/ lv ri sxuh frpprq ydoxhv/ vr kdv d ydvw pxowlsolflw| ri htxloleuld/ hyhq zkhq
elgghuv duh dv|pphwulf +vhh qrwh 47,1 +Qru/ vlqfh wkhlu pdlq irfxv lv gl�huhqw/ gr wkh|
dqdo|vh wkh h�hfwv ri lqfuhdvlqj vxsso|/ ru ri udwlrqlqj/ zklfk duh wkh pdlq irfxvhv ri rxu
sdshu1, Dyhu| dqg Ndjho dqg gh Iuxwrv dqg Urvhqwkdo dgguhvv gl�huhqw frqfhuqv iurp
rxuv> Dyhu| dqg Ndjho glvfxvv h{shulphqwdo uhvxowv lq d wzr0elgghu rqh0sul}h prgho/ zkloh
gh Iuxwrv dqg Urvhqwkdo rewdlq lqwhuhvwlqj uhvxowv derxw vhtxhqwldo dxfwlrqv1 Vhh dovr
Elnkfkdqgdql dqg Uloh| +4<<4,1

43Doo zh dfwxdoo| qhhg lv wkdw wkh �l*v duh vpdoo uhodwlyh wr wkh udwhv ri fkdqjh ri elgghuv*
lqyhuvh kd}dug udwhv/ 4�I +wl,

i+wl,
1 Vr wkh rughu lq zklfk wkh olplwv lv wdnhq lv xqlpsruwdqw1
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Qr elgghu zdqwv pruh wkdq rqh xqlw1 Zh frqvlghu wzr fdvhv= wkh dxf0

wlrqhhu kdv rqh xqlw wr vhoo/ dqg wkh dxfwlrqhhu kdv wzr xqlwv wr vhoo1 +Wkh

qxpehu ri xqlwv lv frpprq nqrzohgjh1,

Zh dvvxph d frqyhqwlrqdo dvfhqglqj elg �Hqjolvk� dxfwlrq44 lq zklfk

wkh sulfh/ Rc vwduwv dw }hur dqg ulvhv frqwlqxrxvo| xqwlo wkh qxpehu ri elgghuv

zkr duh vwloo zloolqj wr sd| wkh fxuuhqw sulfh htxdov wkh qxpehu ri xqlwv wkh

dxfwlrqhhu kdv iru vdoh1 Hdfk elgghu revhuyhv wkh sulfh dw zklfk dq| rwkhu

elgghu gursv rxw1

Hdfk sod|hu*v sxuh vwudwhj| vshfl�hv wkh sulfh ohyho xs wr zklfk kh zloo

uhpdlq lq wkh elgglqj/ dv d ixqfwlrq ri klv sulydwh vljqdo dqg ri wkh sulfh

+li dq|, dw zklfk dq| rwkhu sod|hu txlw suhylrxvo|1 Zh dvvxph v|pphwulf

elgghuv iroorz v|pphwulf vwudwhjlhv/ dqg uhvwulfw dwwhqwlrq wr wkh +Shuihfw

Ed|hvldq, htxloleulxp lq zklfk hdfk elgghu vwd|v lq wkh elgglqj mxvw vr orqj

dv kh zrxog eh kdss| wr �qg klpvhoi d zlqqhu/ dqg vwrsv elgglqj dw wkdw sulfh

dw zklfk kh zrxog eh mxvw lqgl�huhqw zhuh kh wr �qg klpvhoi d zlqqhu rq wkh

dvvxpswlrqv wkdw dq| rssrqhqw+v, zkr gurs rxw wr pdnh klp d zlqqhu duh

ri wkhlu orzhvw srvvleoh w|shv dvvxplqj wkh| kdyh iroorzhg wkh htxloleulxp

44Pruh irupdoo|/ zh duhd dvvxplqj zkdw dxfwlrq wkhrulvwv fdoo d �Mdsdqhvh dxfwlrq�1
Elnkfkdqgdql dqg Uloh| +4<<6, ghvfuleh wklv dv iroorzv +iru wkh vlqjoh xqlw fdvh,= Wkh
dxfwlrqhhu vwduwv zlwk d yhu| orz sulfh dqg udlvhv lw frqwlqxrxvo|1 Elgghuv lqglfdwh/ e|
ghsuhvvlqj d exwwrq/ zkhwkhu wkh| duh lqwhuhvwhg lq ex|lqj wkh remhfw dw wkh fxuuhqw sulfh1
Rqfh d elgghu zlwkgudzv/ kh fdqqrw uhhqwhu wkh dxfwlrq1 Dw hdfk sulfh ohyho/ wkh lghqwlwlhv
ri doo elgghuv dfwlyh dw wkdw sulfh duh frpprq nqrzohgjh1 Zkhqhyhu rqh ru pruh elgghuv
zlwkgudz dw d sulfh/ wkh dxfwlrqhhu vwrsv udlvlqj wkh sulfh dqg dvnv wkh uhpdlqlqj elgghuv
li wkh| zlvk wr zlwkgudz1 Li dgglwlrqdo elgghu+v, zlwkgudz/ wklv lv dqqrxqfhg e| wkh
dxfwlrqhhu dqg wkh uhpdlqlqj elgghuv duh djdlq dvnhg li wkh| zlvk wr zlwkgudz1 Wklv
surfhvv frqwlqxhv xqwlo qr dgglwlrqdo elgghuv txlw1 Zkhq qr dgglwlrqdo elgghuv zlwkgudz/
dqg dw ohdvw wzr elgghuv uhpdlq/ wkh dxfwlrqhhu vwduwv udlvlqj wkh sulfh frqwlqxrxvo| iurp
wkh fxuuhqw ohyho1 Wkh dxfwlrq fdq hqg lq rqh ri wzr srvvleoh zd|v1 Li dw dq| sulfh wkhuh
lv rqo| rqh dfwlyh elgghu/ wkhq wklv elgghu lv ghfoduhg wkh zlqqhu dqg wkh dxfwlrq hqgv1
Hovh/ li dw dq| sulfh doo wkh uhpdlqlqj dfwlyh elgghuv zlwkgudz +hlwkhu vlpxowdqhrxvo| ru
gxulqj wkh vhtxhqwldo txlwwlqj surfhvv ghvfulehg deryh, wkh dxfwlrq hqgv dqg rqh ri wkh
odvw dfwlyh elgghuv lv udqgrpo| fkrvhq dv wkh zlqqhu1 Wkh zlqqhu jhwv wkh remhfw dqg sd|v
wkh fxuuhqw sulfh1 Wkh rwkhu elgghuv sd| qrwklqj1

9



vwudwhjlhv sulru wr wkh fxuuhqw sulfh145/46 Wkh Dsshqgl{ vkrzv wkdw wklv |lhogv

d xqltxh +Shuihfw Ed|hvldq, htxloleulxp147

Zh zulwh wkh dfwxdo �|� kljkhvw vljqdo dv |E��c zulwh .E|� iru wkh h{shfwdwlrq

ri |�c dqg zulwh .E| m | � |�� iru wkh h{shfwdwlrq ri |� frqglwlrqdo rq lw

h{fhhglqj |�c hwf1 Lw zloo eh xvhixo wr gh�qh elgghu �*v pdujlqdo uhyhqxh48 dv

�-� ' �� � �� 8 E|��

sE|��

Y��
_|�

�

Qrwh wkdw vlqfh +zh dvvxphg, wkh k� duh doo vpdoo/�-� � ����� lq zklfk

��E|�� � �38 E|��
sE|��

lv wkh uhflsurfdo ri �*v kd}dug udwh1

6 Wkh V|pphwulf Fdvh

Zh ehjlq zlwk wkh v|pphwulf fdvh lq zklfk k� ' k2 ' k� ' k : f +exw

k � f�1

Zkhq wkuhh elgghuv frpshwh iru d vlqjoh remhfw/ wkh orzhvw elgghu txlwv

45Wkdw lv/ vwudwhjlhv vshfl�hg lq wklv zd| |lhog d Shuihfw Ed|hvldq htxloleulxp lq wkh
vsdfh ri doo vwudwhjlhv> lq wklv htxloleulxp d sod|hu fdqqrw gr ehwwhu e| iroorzlqj dq| rwkhu
vwudwhj|1

46Uhvwulfwlqj dwwhqwlrq wr htxloleulxp ri wklv irup erwk dyrlgv wulyldolwlhv +dowkrxjk wkhuh
duh rwkhu htxloleuld/ wkh| gr qrw vhhp yhu| qdwxudo, dqg juhdwo| uhgxfhv wkh whfkqlfdo
exughq= Vhh Elnkfkdqgdql dqg Uloh| +4<<6, iru dq h{srvlwlrq ri krz fxpehuvrph dqg
ohqjwk| lv d ixoo| jhqhudo dqdo|vlv ri hyhq wkh frpsohwho| v|pphwulf yhuvlrq ri rxu prgho/
dowkrxjk wkh| wrr pdnh dvvxpswlrqv wr rewdlq d xqltxh htxloleulxp +wkh vdph htxloleulxp
dv rxuv/ wkrxjk wkhlu prgho lv d vshfldo fdvh ri rxuv,1 Vhh wkh Dsshqgl{ iru ixuwkhu
glvfxvvlrq1

47E| frqwudvw/ lq d sxuh frpprq ydoxhv prgho zlwk �4 @ �5 @ �6 @ 3 wklv frqvwuxfwlrq
grhv qrw gh�qh d xqltxh htxloleulxp1 +Iru h{dpsoh/ zlwk mxvw wzr elgghuv dqg y4 @ y5 @
w4 . nw5> zkhuh n lv d srvlwlyh frqvwdqw/ lw lv dq htxloleulxp iru 4 wr txlw dw �w4 dqg 5 wr
txlw dw

�
�n
��4

�
w5 iru dq| � A 4=, Khqfh wkh qhhg wr lqfoxgh wkh �l lq wkh prgho/ dqg wr

dqdo|}h d sxuh frpprq ydoxh prgho dv wkh olplw ri doprvw frpprq ydoxh prghov> irfxvlqj
rq d sduwlfxodu htxloleulxp ri wkh sxuh frpprq ydoxh prgho fdq eh plvohdglqj1

48Lq dqdo|}lqj rxu dxfwlrqv xvlqj pdujlqdo uhyhqxhv/ zh duh iroorzlqj Exorz dqg Urehuwv
+4<;<, zkr �uvw vkrzhg krz wr lqwhusuhw lqghshqghqw sulydwh0ydoxh dxfwlrqv lq whupv ri
pdujlqdo uhyhqxhv/ dqg Exorz dqg Nohpshuhu +4<<9, zkr h{whqghg wkhlu lqwhusuhwdwlrq wr
pruh jhqhudo vhwwlqjv vxfk dv wklv rqh1 Wkh pdujlqdo uhyhqxh ri elgghu l zlwk vljqdo wl lv
h{dfwo| wkh pdujlqdo uhyhqxh h{wudfwhg iurp wkh fxvwrphu zkr lv wkh vdph iudfwlrq ri wkh
zd| grzq wkh glvwulexwlrq ri srwhqwldo ex|huv ri d prqrsrolvw zkrvh ghpdqg lv vxfk wkdw
lw kdv t @ 4�I +wl, fxvwrphuv zkr kdyh ydoxhv � s @ yl+wl, +l1h1 wkhuh duh I +wl, fxvwrphuv
zlwk ydoxhv ohvv wkdq yl+wl,,= Wklv doorzv wkh gluhfw wudqvodwlrq ri uhvxowv iurp prqrsro|
wkhru| lqwr dxfwlrq wkhru|/ dqg vr idflolwdwhv wkh dqdo|vlv ri dxfwlrqv dqg wkh ghyhorsphqw
ri lqwxlwlrq derxw wkhp1

:



�uvw lq v|pphwulf htxloleulxp/ dqg wkh rwkhu elgghuv fdq wkhq lqihu +dvvxp0

lqj htxloleulxp ehkdylrxu, klv dfwxdo vljqdo/ |E���49 Wkh qh{w0orzhvw elgghu

wkhq txlwv zkhq wkh sulfh uhdfkhv wkh srlqw dw zklfk kh zrxog mxvw eh lqgli0

ihuhqw derxw zlqqlqj zhuh kh wkh pdujlqdo zlqqhu/ wkdw lv/ zhuh kh wlhg iru

wkh kljkhvw vljqdo/ vr kh txlwv dw R ' |E�� n E2 n k�|E2��
4: Zh wkhuhiruh kdyh

+vlqfh k � f�=

Ohppd 4= Zkhq 6 v|pphwulf elgghuv frpshwh iru 4 remhfw/ wkh elgghu

zlwk wkh kljkhvw vljqdo zlqv dqg wkh sulfh � |E�� n 2|E2��

Surri= Vhh dsshqgl{1 ��

Li lqvwhdg/ wkuhh elgghuv frpshwh iru wzr remhfwv/ wkh orzhvw txlwv lq v|p0

phwulf htxloleulxp dw wkh sulfh dw zklfk kh zrxog mxvw eh lqgl�huhqw derxw

zlqqlqj zhuh kh wkh pdujlqdo zlqqhu/ wkdw lv/ zhuh kh wlhg zlwk wkh vhfrqg0

kljkhvw vljqdo1 Vr wkh dfwxdo orzhvw0vljqdo elgghu zlwk vljqdo |E�� txlwv dw

wkh ydoxh wr klp li wkh vhfrqg0kljkhvw0vljqdo elgghu kdv wkh vdph vljqdo/�
|E��

�
c dqg wkh uhpdlqlqj vljqdo htxdov lwv h{shfwhg ydoxh jlyhq wkh wzr orz0

hvw vljqdov duh |E��c wkdw lv/ .
�
|m | � |E��

�
� Vr wkh orzhvw0vljqdo elgghu txlwv

dw R ' E� n k�|E�� n |E�� n .E| m | � |E����
4; Vr zh kdyh=

Ohppd 5= Zkhq 6 v|pphwulf elgghuv frpshwh iru 5 remhfwv/ wkh elgghuv

zlwk wkh kljkhvw vljqdov zlq dqg wkh sulfh � 2|E�� n .
�
|m | � |E��

�
�

49Lq idfw/ wkh orzhvw elgghu txlwv dw +6.�,w+6,> vlqfh li kh vwd|v lq xqwlo d voljkwo| kljkhu
sulfh kh zloo zlq rqo| li erwk rwkhu vljqdov duh w+6,> exw wklv idfw lv qrw qhfhvvdu| wr rxu
dujxphqw1

4:Lw lv hdv| wr fkhfn wkdw li kh zhuh wr �qg klpvhoi d zlqqhu dw dq| kljkhu sulfh kh zrxog
orvh prqh|/ vlqfh dw sulfh s3 @ w+6, . +5.�,w3 zlwk w3 A w+5,> wkh lqihuuhg ydoxh ri wkh xqlw
htxdov w+6, . +4 . �,w+5, . w3 frqglwlrqdo rq zlqqlqj dw sulfh s3> dqg frqyhuvho| kh zrxog
pdnh prqh| dw dq| orzhu sulfh/ vr vkrxog qrw txlw ehiruh s=

4;Djdlq lw lv hdv| wr fkhfn wkdw li hlwkhu ri wkh rwkhu elgghuv zhuh wr txlw dqg ohdyh klp
dv d zlqqhu dw dq| kljkhu sulfh/ s3 @ +5.�,w3.H+w m w � w3, zlwk w3 A w+6,> kh zrxog h{shfw
wr orvh prqh| vlqfh kh zrxog wkhq lqihu d xqlw*v ydoxh wr eh +4 . �,w+6, . w3 .H+w m w � w3,
? s3> dqg frqyhuvho| kh zrxog h{shfw wr sur�w iurp d ylfwru| dw dq| orzhu sulfh1

;



Surri= Vhh dsshqgl{1 ��

Wkhuhiruh vhoolqj wzr xqlwv udwkhu wkdq rqh orzhuv wkh shu0xqlw sulfh re0

wdlqhg rqo| li 2|E��n.
�
|m | � |E��

�
	 |E��n2|E2�/ wkdw lv li.

�
|m | � |E��

�
�|E�� 	

2E|E2� � |E���c ru +lq h{shfwdwlrq, rqo| li wzlfh wkh h{shfwhg glvwdqfh ehwzhhq

wkh orzhvw vljqdo dqg wkh orzhu ri wzr kljkhu vljqdov h{fhhgv wkh h{shfwhg

glvwdqfh ehwzhhq wkh orzhvw vljqdo dqg d vlqjoh kljkhu vljqdo1 Lw iroorzv wkdw=

Sursrvlwlrq 4= Zlwk 6 v|pphwulf elgghuv/ wkh h{shfwhg sulfh shu xqlw lv

kljkhu +orzhu, zkhq 5 xqlwv duh vrog wkhq zkhq 4 xqlw lv vrog li kd}dug udwhv/�
�
��

�
c duh ghfuhdvlqj +lqfuhdvlqj, lq wkh vljqdov/ |��

Lw lv qrz hdv| wr �qg h{dpsohv lq zklfk vhoolqj pruh xqlwv udlvhv wkh

h{shfwhg sulfh +Vhh H{14 ehorz1,

Wr xqghuvwdqg wklv uhvxow ehwwhu/ uhfdoo iurp Exorz dqg Nohpshuhu +4<<9,

wkdw wkh h{shfwhg sulfh iurp wkh dxfwlrq htxdov wkh h{shfwhg pdujlqdo uhyhqxh

ri wkh zlqqlqj elgghu+v,14</53 Ixuwkhupruh/ zkhq elgghuv duh v|pphwulf/ wkh

elgghu+v, zlwk wkh kljkhvw vljqdo+v, zlq+v, wkh xqlw+v,1 Vr zkhq pruh xqlwv

duh vrog/ wkh h{shfwhg sulfh lv orzhu li dqg rqo| li wkh h{shfwhg pdujlqdo

uhyhqxhv ri elgghuv zlwk orzhu vljqdov duh orzhu/ wkdw lv/ li dqg rqo| li � � �

lv orzhu iru elgghuv zlwk vpdoohu |*v wkdq iru elgghuv zlwk odujhu |*v1

4<Wklv uhvxow dvvxphv/ dv lv wkh fdvh khuh/ wkdw d elgghu zlwk wkh orzhvw srvvleoh vljqdo
qhyhu pdnhv prqh|1 Rwkhuzlvh/ h{shfwhg uhyhqxh lv uhgxfhg e| wkh vxp ri wkh h{shfwhg
sur�wv ri wkh elgghuv frqglwlrqdo rq wkhlu kdylqj wkhlu orzhvw srvvleoh vljqdov1

53Wkh hvvhqwldo srlqw lv wkdw li dq Hqjolvk dxfwlrq hqgv dw d sulfh ri y/ wkh zlqqhuv zloo
hdfk kdyh dq h{shfwhg ydoxh ri dw ohdvw y +frqglwlrqdo rq doo suhylrxv dfwlrqv e| elgghuv
dqg rq wkh dxfwlrq hqglqj dw wklv sulfh,1 Wkhuhiruh/ zh fdq gudz d suredelolw| fxuyh iru
wkh elgghu*v dfwxdo ydoxh/ y> zlwk ghfxpxodwlyh suredelolw|/ 4�I +y,> rq wkh txdqwlw| d{lv/
dqg ydoxh rq wkh sulfh d{lv> wkh fxuyh kdv lwv plqlpxp ydoxh y dw d �txdqwlw|� ri 41 Li zh
lqwhusuhw wklv dv d frqyhqwlrqdo ghpdqg fxuyh dqg gudz wkh dvvrfldwhg pdujlqdo uhyhqxh
fxuyh/ wkh h{shfwhg pdujlqdo uhyhqxh ri wkh zlqqhu kdv wr htxdo y +mxvw dv li |rx nqhz
wkdw d �up vrog t xqlwv dw d sulfh ri y> |rx zrxog nqrz wkdw hdfk ex|hu kdg d ydoxh ri dw
ohdvw y/ wkdw wrwdo uhyhqxh zdv yt> dqg wkhuhiruh wkdw wkh dyhudjh pdujlqdo uhyhqxh iurp
wkh �uvw t vdohv zdv y,= Vr wkh h{shfwhg pdujlqdo uhyhqxh ri wkh zlqqlqj elgghu+v, dozd|v
htxdov wkh dxfwlrq sulfh1

<



Qrwh wkh frqwudvw ehwzhhq frpprq0ydoxh dqg sulydwh0ydoxh dxfwlrqv1 Lq

erwk d sxuh frpprq0ydoxh dxfwlrq +k duelwudulo| vpdoo, dqg d sxuh sulydwh0

ydoxh dxfwlrq E�� ' |��c �*v pdujlqdo uhyhqxh htxdov klv ydoxh plqxv klv lqyhuvh

kd}dug udwh1 Exw lq wkh sulydwh ydoxh fdvh zkhuh �� ' |� zh kdyh �-� :

�-� / |� � �� : |� � ��� Lq wkh frpprq ydoxh fdvh/ vlqfh �� ' ��c zh

kdyh�-� : �-� / ��� : ���� Vr lq wkh sulydwh0ydoxh fdvh wkh uhvxow wkdw
juhdwhu vxsso| orzhuv +h{shfwhg, sulfh uhtxluhv wkdw |���� : |���� / |� : |�c

zklfk frqglwlrq lv vdwlv�hg e| pdq| vwdqgdug glvwulexwlrqv 8 E��/ dqg lv riwhq
dvvxphg lq wkh olwhudwxuh zlwkrxw frpphqw1 Krzhyhu lq wkh frpprq0ydoxh

fdvh wkh uhvxow wkdw pruh vxsso| orzhuv sulfh uhtxluhv ��� : ��� / |� : |�

zklfk lv d pxfk pruh vwulqjhqw frqglwlrq rq 8 E��1
Lq vlpsoh whupv/ wkh gl�huhqfh lv wkdw zlwk sulydwh ydoxhv zkhq d elgghu

kdv d kljkhu vljqdo lw d�hfwv rqo| klv rzq ydoxh dqg pdujlqdo uhyhqxh1 Exw

zlwk frpprq ydoxhv zkhq d elgghu kdv d kljkhu vljqdo lw dovr udlvhv wkh

rwkhu elgghuv* ydoxhv dqg vr udlvhv wkh rwkhuv* pdujlqdo uhyhqxhv1 Vr lw wdnhv

d pxfk vwurqjhu glvwulexwlrqdo frqglwlrq wr hqvxuh wkdw elgghuv zlwk kljkhu

vljqdov kdyh kljkhu pdujlqdo uhyhqxhv1

Wkh frqglwlrq lq wkh sulydwh0ydoxh fdvh lv mxvw wkdw wkh elgghu*v pdujlqdo

uhyhqxh lv grzqzdug vorslqj/ wkdw lv/ wkdw d prqrsro| �up zlwk ghpdqg

^ ' � � 8 ER� kdv pdujlqdo uhyhqxh grzqzdug vorslqj lq lwv rzq rxwsxw154

Wkh frqglwlrq lq wkh frpprq0ydoxh fdvh lv wkdw wkh vdph �up*v pdujlqdo

uhyhqxh lv vwhhshu wkdq lwv ghpdqg fxuyh/55 ru htxlydohqwo| wkdw wkh �u0

p*v pdujlqdo uhyhqxh lv grzqzdug vorslqj lq d vx!flhqwo| vpdoo rssrqhq0

54Wkh ghpdqg fxuyh t @ 4 � I +s, lv mxvw wkh frqyhqwlrqdo ghpdqg fxuyh wkdw zrxog
eh fuhdwhg e| d yhu| odujh qxpehu ri ex|huv zlwk ydoxhv yl+wl, zkhq wkh wl duh gudzq
lqghshqghqwo| iurp wkh glvwulexwlrq I +wl,= +Zh krog wm dqg wn �{hg> ex|huv duh dwrplvwlf
zlwk wrwdo pdvv 41, Iru pruh glvfxvvlrq ri wkh dqdorj| ehwzhhq d elgghu zlwk vljqdo
glvwulexwhg dv I +wl, dqg d pdunhw zlwk ghpdqg fxuyh 4� I +s, vhh Exorz dqg Nohpshuhu
+4<<9, dqg wkh �uvw +4<<:, gudiw ri rxu Zrunlqj Sdshu1

55Vlqfh �kl A �km / wl A wm lpsolhv ++yl�kl,�yl, A ++ym�km,�ym,/ wl A wm > lpsolhv
+yl � kl,� yl lqfuhdvlqj lq wl> khqfh ghfuhdvlqj lq t/ ohwwlqj t � 4� I +w, dqg s � yl+wl,=
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w*v rxwsxw>56 wklv lv h{dfwo| wkh frqglwlrq uhtxluhg wr jxdudqwhh vwudwhjlf

vxevwlwxwhv lq txdqwlw| frpshwlwlrq lq roljrsro|�vhh Exorz/ Jhdqdnrsorv/

dqg Nohpshuhu +4<;8d,1 Dqg wkh dvvxpswlrq ri vwudwhjlf vxevwlwxwhv/ zkloh

frpprqo| pdgh/ dqg shukdsv pruh sodxvleoh wkdq wkh frqyhuvh dvvxps0

wlrq ri vwudwhjlf frpsohphqwv/ lv qrw d uhdvrqdeoh jhqhudo dvvxpswlrq157

Lqghhg/ dprqj wkh prvw frpprqo| xvhg ghpdqg fxuyhv/ olqhdu ghpdqg

ER ' � � �^ / ^ ' �3R
�

� |lhogv vwudwhjlf vxevwlwxwhv/ frqvwdqw hodvwlflw|

ghpdqg ER ' �^
�

# / ^ '
�
�
�

�#
c # 	 ��� |lhogv vwudwhjlf frpsohphqwv/ dqg

orjdulwkplf ghpdqg ER ' � � �
b
*L} ^ / ^ ' e3bER3��c l1h1 txdqwlw| lv h{sr0

qhqwldo lq sulfh, |lhogv vwudwhjlf lqghshqghqfh +qhlwkhu vwudwhjlf vxevwlwxwhv

qru vwudwhjlf frpsohphqwv, iru d prqrsrolvw idflqj d vpdoo qhz hqwudqw1

Fruuhvsrqglqj h{dfwo| wr wkh roljrsro| fdvhv zh kdyh=

H{dpsoh 4= Zlwk xqlirupo| glvwulexwhg vljqdov/ 8 E|� '
�
|3|

|3|

�
/ h{shfwhg

sulfh lv ghfuhdvlqj lq vxsso|1 Zlwk frqvwdqw0hodvwlflw| glvwulexwhg vljqdov/

8 E|� ' � � E |
|
�#c h{shfwhg sulfh lv lqfuhdvlqj lq vxsso|1 Zlwk h{srqhqwldoo|

glvwulexwhg vljqdov/ 8 E|� ' �� e3bE|3|�c h{shfwhg sulfh lv frqvwdqw lq vxsso|158

+Zlwk d xqlirup glvwulexwlrq/ wzlfh wkh h{shfwhg glvwdqfh ehwzhhq wkh

orzhvw vljqdo dqg wkh orzhu ri wzr kljkhu vljqdov h{fhhgv wkh h{shfwhg glv0

wdqfh ehwzhhq wkh orzhvw vljqdo dqg d vlqjoh kljkhu vljqdo> zlwk wkh frqvwdqw0

56Dvvxplqj wkh rssrqhqw lv surgxflqj d krprjhqhrxv surgxfw/ vhh Exorz/ Jhdqdnrsorv
dqg Nohpshuhu +4<;8d,1

57Vhh Exorz/ Jhdqdnrsrorv dqg Nohpshuhu +4<;8d, iru pruh glvfxvvlrq/ dqg dovr Exorz/
Jhqdnrsrorv dqg Nohpshuhu +4<;8e, iru dq h{dpsoh lq zklfk d prqrsrolvw idflqj d qhz
hqwudqw ylhzv surgxfwv dv vwudwhjlf frpsohphqwv1

58Iru h{dpsoh/ li I +w, @ 4 � w�5 iru w � 4 +zklfk fruuhvsrqgv suredelolvwlfdoo| wr d
ghpdqg fxuyh t � 4�I +s, @ s�5/ wkdw lv/ frqvwdqw hodvwlflw| ri 05, wkh h{shfwhg ydoxhv ri
wkh wkuhh vljqdov zrxog eh 4=5/ 4=9> dqg 6=51 Vr wkh h{shfwhg sulfh lq d 6 iru 4 dxfwlrq zrxog
eh 4=5.4=9.4=9 @ 7=7> dqg wkh h{shfwhg sulfh zlwk 6 iru 5 zrxog eh 4=5.4=5. 4=9.6=5

5 @ 7=;1
Li I +w, @ w

7 iru 7 � w � 3 +zklfk fruuhvsrqgv suredelolvwlfdoo| wr d olqhdu ghpdqg fxuyh,
wkh h{shfwhg ydoxhv ri wkh wkuhh vljqdov zrxog eh 4/5/ dqg 61 Wkh h{shfwhg sulfh lq d 6 iru
4 dxfwlrq zrxog eh 4 . 5 . 5 @ 8> dqg wkh h{shfwhg sulfh lq d 6 iru 5 dxfwlrq zrxog eh
4 . 4 . 5.6

5 @ 7=8=
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hodvwlflw| glvwulexwlrq wklv idlov> dqg wkh h{srqhqwldo glvwulexwlrq lv wkh lqwhu0

phgldwh fdvh lq zklfk wkh udwlr ri wkh h{shfwhg glvwdqfhv lv h{dfwo| rqh=wzr159,

Vr/ mxvw dv lq roljrsro| lw lv dq hpslulfdo pdwwhu zkhwkhu �upv* rxw0

sxwv duh vwudwhjlf vxevwlwxwhv ru vwudwhjlf frpsohphqwv/ vr lq v|pphwulf sxuh

frpprq0ydoxh dxfwlrqv lw pxvw eh dq hpslulfdo pdwwhu zkhwkhu sulfh lv lq0

fuhdvlqj ru ghfuhdvlqj lq vxsso|1

Wkh qh{w vhfwlrq/ krzhyhu/ zloo vkrz wkdw hyhq +duelwudulo|, vpdoo dv|p0

phwulhv fdq pdnh wkh uhodwlrqvkls ehwzhhq vxsso| dqg sulfh hyhq ohvv suh0

glfwdeoh1

7 Wkh Dv|pphwulf Fdvh

Wklv vhfwlrq zloo vkrz wkdw zkhq wkh uhvxow wkdw juhdwhu vxsso| orzhuv h{0

shfwhg sulfh krogv iru wkh shuihfwo| v|pphwulf fdvh/ lw fdq idlo zkhq wkhuh duh

hyhq duelwudulo| vpdoo dv|pphwulhv ehwzhhq wkh elgghuv1 Lq sduwlfxodu lw idlov

li wkh lwhp+v, iru vdoh duh doprvw sxuh frpprq0ydoxhv exw rqh elgghu/ vd|

elgghu 4/ doprvw fhuwdlqo| kdv dq duelwudulo| vpdoo sulydwh0ydoxh dgydqwdjh1

Zh dvvxph k� : k2 ' k� ' k : fc exw k� � f dqg Ek*k�� � f�

Zh ehjlq e| dqdo|}lqj elgglqj ehkdylrxu lq pruh ghwdlo=

59Zlwk d xqlirup glvwulexwlrq/ 5w+6, . H
�
w m w � w+6,

�
@ 6w+6, . 4

5+w � w+6,,> zkloh
w+6, . 5H+w+5, m w+6,, @ 6w+6, .

5
6 +w � w+6,,= Zlwk frqvwdqw hodvwlflw| glvwulexwhg vljqdov/

5w+6, . H
�
w m w � w+6,

�
@ 6w+6, � 4

4.� w+6,> zkloh w+6, . 5H+w+5, m w+6,, @ 6w+6, � 5
4.5� w+6,1 Iru

h{srqhqwldoo| glvwulexwhg vljqdov/ 5w+6,.H
�
w m w � w+6,

�
@ w+6,.5H+w+5, m w+6,, @ 6w+6,.

4
� =

Wkh fdofxodwlrqv duh vwudljkwiruzdug lq wkh �uvw dqg wklug fdvhv1 Lq wkh frqvwdqw
hodvwlflw| fdvh/ H

�
w+4, m w+4, � w+5,

�
@ �

�.4w+5, dqg +H
�
w+4,.w+5,

5

�
m w+5, � w+6,, @

H
�
w m w � w+6,

�
@ �

�.4w+6,= Frpelqlqj wkh odvw wzr htxdwlrqv |lhogv 5�.4
4.� H+w+5,, @

5�
4.� w+6,

vr H+w+5,, @ 5�
4.5� w+6,= E| vxevwlwxwlqj H

�
w m w � w+6,

�
@ �

�.4w+6, @ w+6, � 4
4.� w+6, zh fdq

ghulyh wkh frqvwdqw hodvwlflw| uhyhqxh iru zkhq wkhuh duh wzr zlqqhuv/ dqg e| vxevwlwxwlqj
H+w+5, m w+6,, @ 5�

4.5� w+6, zh fdq ghulyh wkh h{shfwhg uhyhqxh zkhq wkhuh lv rqh zlqqhu1
+Wkh irupxodh H

�
w m w � w+6,

�
@ �

�.4w+6, dqg H
�
w+4, m w+4, � w+5,

�
@ �

�.4H+w+5,, duh pdwkh0
pdwlfdoo| lghqwlfdo wr wkh vwdwhphqw wkdw/ jlyhq frqvwdqw hodvwlflw| ghpdqg dqg d sulfh s>
wkh dyhudjh ex|hu kdv d ydoxh ri s�

�.4 = Wklv pxvw eh wuxh vlqfh
�

�.4 lv mxvw wkh udwlr ri sulfh
wr pdujlqdo uhyhqxh dw hdfk srlqw dorqj d frqvwdqw hodvwlflw| fxuyh dqg wkhuhiruh wkh udwlr
ri dyhudjh ydoxh wr dyhudjh uhyhqxh +htxdov sulfh,1 Khuh wkh fdofxodwlrqv duh wkh vdph/
h{fhsw zh xvh w+5, dqg w+6, lqvwhdg ri s=,
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Ohppd 6= Zkhq 6 elgghuv frpshwh iru 4 remhfw lq wkh dv|pphwulf fdvh/

wkh dgydqwdjhg elgghu +doprvw dozd|v, zlqv dqg wkh sulfh � | n |2 n |� +lq

zklfk |2 dqg |� duh wkh dfwxdo vljqdov ri wkh glvdgydqwdjhg elgghuv,1

Surri= Vhh dsshqgl{1 ��

Wkh orjlf lv vwudljkwiruzdug1 Elgghu � txlwv zkhuh kh zrxog eh mxvw lq0

gl�huhqw derxw �qglqj klpvhoi d zlqqhu/ vr klv pdujlqdo w|sh |� txlwv dw

sulfh R ' E� n k��|� n |� n |&/ zkhuh |� dqg |& duh klv h{shfwdwlrqv ri �*v

dqg &*v vljqdov frqglwlrqdo rq klv zlqqlqj dw wklv sulfh1 Wkdw lv/ |� lv wkh

pdujlqdo w|sh ri elgghu � zkr lv mxvw txlwwlqj li dq| w|sh ri � lv fxuuhqwo|

txlwwlqj/5: dqg vlploduo| iru |&� Olnhzlvh/ w|sh |� ri � lv lq idfw mxvw txlw0

wlqj l� R ' |� n E� n k��|� n |&� Vr w|shv |� dqg |� txlw vlpxowdqhrxvo| l�

E� n k��|� n |� n |& ' |� n E� n k��|� n |& / k�|� ' k�|�c dqg |� txlwv ehiruh

+diwhu, |� l� k�|� 	 E:�k�|�� Vr vlqfh k�| : k|2 dqg k�| : k|� iru doprvw doo |2

dqg |� iru vx!flhqwo| odujh k�*kc elgghu 4 lv doprvw dozd|v wkh zlqqhu1 Li/ iru

h{dpsoh/ lq idfw k�| : k|2 : k|�c wkhq elgghu 6 txlwv �uvw dw E�nk�|�n |�n |

+vlqfh dw wklv sulfh kh nqrzv |2 � |� vr wkh fxuuhqw orzhvw w|shv ri elgghuv 5

dqg 4 wkdw frxog uhpdlq duh |2 ' |� dqg |� ' |,/ dqg elgghu 5 txlwv qh{w dw

E� n k�|2 n |� n | � |2 n |� n |�

Wkh lqwxlwlrq lv wkdw ehfdxvh elgghu 4 +doprvw dozd|v, ydoxhv wkh dvvhw

d olwwoh pruh wkdq elgghuv 5 dqg 6/ wkhuh fdqqrw eh dq| htxloleulxp zkhuh

elgghu 5 ru 6 lv zloolqj wr sd| R dqg elgghu 4 lv qrw zloolqj wr sd| d olwwoh

pruh xqohvv |� lv doprvw }hur1 Vr elgghuv 5 dqg 6 idfh dq hqruprxv zlqqhu*v

fxuvh li elgghu 4 hyhu h{lwv/ dqg wkh| pxvw wkhuhiruh dvvxph |� � | zkhqhyhu

kh elgv1 Vr wkh| txlw dw � |2 n |� n |/ dqg elgghu 4 doprvw dozd|v zlqv1

Krzhyhu/ zlwk wkuhh elgghuv frpshwlqj iru wzr xqlwv dqg lqfuhdvlqj kd}0

dug udwhv/ elgghu 4*v dgydqwdjh lv doprvw holplqdwhg dqg kh zlqv rqo| zkhq

5:Li m kdv douhdg| txlw wm*v lv m*v lqihuuhg vljqdo/ dqg li m kdv qrw txlw exw qr w|sh ri m
lv txlwwlqj wkhq wm lv m*v orzhvw srvvleoh vljqdo frqvlvwhqw zlwk htxloleulxp1
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kh kdv rqh ri wkh wzr kljkhvw vljqdov=

Ohppd 7= Zkhq 6 elgghuv frpshwh iru 5 remhfwv/ lq wkh dv|pphwulf

fdvh +l, li kd}dug0udwhv
�

�
��

�
duh lqfuhdvlqj lq vljqdov/ wkh elgghuv zlwk wkh

kljkhvw vljqdov +doprvw dozd|v, zlq dqg wkh sulfh � 2|E��n.
�
|m | � |E��

�
c +ll,

li kd}dug0udwhv duh ghfuhdvlqj/ wkh dgydqwdjhg elgghu dqg wkh glvdgydqwdjhg

elgghu zlwk wkh kljkhu vljqdo zlq dqg wkh sulfh � .E|� n 24�?E|2c |�� +lq

zklfk |2 dqg |� duh wkh dfwxdo vljqdov ri wkh glvdgydqwdjhg elgghuv,1

Surri= Vhh dsshqgl{1 ��

Wr xqghuvwdqg Ohppd 7/ djdlq ehjlq e| revhuylqj wkdw elgghu � txlwv

zkhuh kh zrxog eh mxvw lqgl�huhqw derxw �qglqj klpvhoi d zlqqhu1 Li |�c |�c dqg

|& duh wkh orzhvw srvvleoh vljqdov ri elgghuv �c � dqg & dvvxplqj htxloleulxp

ehkdylrxu xs wr wkh fxuuhqw sulfh/ w|sh |� ri elgghu � kdv h{shfwhg ydoxh E�n

k��|�n|�n.E|& m |& � |&� li � txlwv qrz/ dqg h{shfwhg ydoxh E�nk��|�n.E|� m
|� � |��n|& li & txlwv qrz1 Vr w|sh |� txlwv dw R ' E�nk��|�n|�n|&n%��oJKE&

txlwv qrzm � ru & txlwv qrz,n%&�oJKE� txlwv qrzm � ru & txlwv qrz, lq

zklfk %� � .E|� � |� m |� � |�� dqg %� dqg %& duh gh�qhg vlploduo|1 Vlqfh

k2 ' k� ' k 	 k�c vrph w|shv ri elgghuv 5 dqg 6 txlw +v|pphwulfdoo|,

ehiruh dq| w|shv ri elgghu 4 txlwv1 Qrz qrwh wkdw iru vpdoo hqrxjk k dqg

k� wkh gl�huhqfhv ehwzhhq k�|� dqg k|2E' k|�� duh yhu| vpdoo uhodwlyh wr

gl�huhqfhv ehwzhhq %� dqg %2E' %���
5; Vr li kd}dug udwhv duh lqfuhdvlqj/ vr

%� lv ghfuhdvlqj lq |�c wkhq li |� zhuh wr idoo pxfk ehklqg |2E' |�� wkhq %2

zrxog ehfrph vpdoo uhodwlyh wr %� dqg |� zrxog zlvk wr txlw dw d orzhu sulfh

wkdq |21 Vr w|shv ri elgghu 4 zrxog kdyh wr txlw xqwlo |� urxjko| fdxjkw xs wr

wkh ydoxh ri |2E' |��� Wkhuhiruh lqfuhdvlqj kd}dug udwhv uhtxluh |� � |2 ' |��

Vr elgghu � txlwv dw +dssur{lpdwho|, E�nk��|�n |�n. E|&m |& � |� ' |�� c mxvw

5;Wkh h{fhswlrq lv zkhq kd}dug udwhv duh frqvwdqw/ k4 @ k5 @ k6 @ k> lq zklfk fdvh
{n @ k>;wn>;n=
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dv lq v|pphwulf htxloleulxp zlwk v|pphwulf elgghuv/ dqg wkh elgghu zlwk

wkh orzhvw vljqdo/ |E��c +dssur{lpdwho|, txlwv �uvw/ dqg zh kdyh sduw +l, ri wkh

Ohppd1

Wkh lqwxlwlrq lv wkdw hyhq li elgghu 4 kdg d odujh dgydqwdjh/ elgghuv 5

dqg 6 zrxog frpshwh djdlqvw hdfk rwkhu/ v|pphwulfdoo|/ iru wkh vhfrqg xqlw/

dqg lq wkdw frpshwlwlrq wkh| zrxog qrw idfh dq deqrupdoo| odujh zlqqhu*v

fxuvh1 Ehfdxvh wkh sulfhv ri erwk xqlwv zloo eh wkh vdph/ wkh pruh djjuhvvlyh

elgglqj e| elgghuv 5 dqg 6 zloo irufh elgghu 4 wr sd| pruh/ dqg pd| fdxvh

elgghu 4 wr h{lw li klv vljqdo lv orz hqrxjk +zklfk ixuwkhu uhgxfhv wkh rwkhu

elgghuv* zlqqhu*v fxuvh,1 Zkhq elgghu 4*v dgydqwdjh lv vpdoo/ lw ehfrphv

luuhohydqw zlwk lqfuhdvlqj kd}dug udwhv15<

Rq wkh rwkhu kdqg/ li kd}dug udwhv duh ghfuhdvlqj/ %� lv lqfuhdvlqj lq |�c

vr rqfh |� idoov ehklqg |2E' |�� wkhq %2 ehfrphv odujh uhodwlyh wr %� vr |�

zlvkhv wr txlw dw d vwloo kljkhu sulfh uhodwlyh wr |2/ vr +vlqfh vrph w|shv ri

elgghuv 5 dqg 6 vwduw txlwwlqj �uvw, qr w|sh ri elgghu 4 hyhu txlwv1 Dv wkh

dxfwlrq surfhhgv dqg pruh w|shv ri elgghuv 5 dqg 6 txlw/ %2 � .E|2� |2� dqg

%� � .E|��|�� lqfuhdvh zkloh %� � .E|��|�� uhpdlqv xqfkdqjhg dqg vr hyhq
wkh orzhvw w|sh ri elgghu 4 h{shfwv d odujhu dqg odujhu vxusoxv frqglwlrqdo

rq zlqqlqj> wkh kljkhu wkh elgglqj jrhv/ wkh pruh xqghusulfhg elgghu 4

wklqnv wkh remhfw lv1 Vlqfh elgghuv 5 dqg 6 duh v|pphwulf/ wkh elgghu zlwk

wkh orzhu ri wkhlu wzr vljqdov orvhv/ dqg li wklv vljqdo lv e| kh txlwv dw sulfh
5<D qxphulfdo h{dpsoh pd| khos vrph uhdghuv= dvvxph/ frxqwhuidfwxdoo|/ wkdw elgghu

4 doprvw dozd|v zlqv zkhq wkhuh duh wzr xqlwv dqg w lv glvwulexwhg xqlirupo| rq ^3> 43` 1
Wkhq elgghuv 5 dqg 6 zloo qrw ohduq dq|wklqj derxw elgghu 4*v vljqdo wkurxjk wkh dxfwlrq
dqg zloo dvvxph wkdw w4 @ 8 +lwv dyhudjh ydoxh,= Vr elgghu 5 zloo elg xs wr � 5w5 . 8 dqg
elgghu 6 zloo elg wr � 5w6 . 8= Li/ iru h{dpsoh/ w5 @ 5 ? w6 wkhq elgghu 5 zrxog h{lw dw d
sulfh ri <1 Exw li wklv kdsshqhg/ dqg elgghu 4 kdg d vljqdo forvh wr 3/ elgghu 4 zrxog vx�hu
uhjuhw= kh zrxog hvwlpdwh wkh ydoxh dv rqo| � w4 . w5 .H+w6 m w6 � 5, @ 3 . 5. 5.43

5 @ ;=
Vr elgghu 4 zloo kdyh douhdg| gursshg rxw1 Elgghu 4*v vpdoo sulydwh ydoxh dgydqwdjh
lv ryhuzkhophg e| wkh gl�huhqfh ehwzhhq klv h{shfwdwlrq ri wkh rwkhu zlqqhu*v vljqdo lq
h{fhvv ri lwv plqlpxp srvvleoh ydoxh +5.435 �5 @ 7 lq wklv fdvh, dqg wkh vlplodu h{shfwdwlrq
iru elgghuv 5 dqg 6 derxw elgghu 4 +3.435 � 3 @ 8,1 Htxloleulxp zloo uhtxluh wkdw elgghu
4 h{lw dw doprvw h{dfwo| wkh vdph udwh dv elgghuv 5 dqg 6> vr elgghuv zlq dv riwhq dqg dw
+dssur{lpdwho|, wkh vdph sulfhv dv li wkh| zhuh doo v|pphwulf1
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R ' .E|�� n E� n k�e| n e| � .E|� n 2e|�
Ohppdv 6 dqg 7 |lhog=

Sursrvlwlrq 5= Lq wkh dv|pphwulf fdvh/ wkh h{shfwhg sulfh shu xqlw lv
kljkhu +orzhu, zkhq 5 xqlwv duh vrog wkdq zkhq 4 xqlw lv vrog li kd}dug udwhv/�

�
��

�
cduh lqfuhdvlqj +ghfuhdvlqj, lq wkh vljqdov/ |��

Surri= Qrwh wkdw .
�
|m | � |E��

�
' �

2

q
.
�
|E��

���|E���n .
�
|E2�

��� |E���r cvlqfh
wkh h{shfwdwlrq ri d vlqjoh vljqdo deryh |E�� htxdov wkh dyhudjh ri wkh h{shf0
wdwlrqv ri wkh kljkhu ri wzr vljqdov deryh |E�� dqg wkh orzhu ri wzr vljqdov
deryh |E��� Vr

.E|n |2 n |�� 	 .
�
2|E�� n .

�
|m | � |E��

��
+, .

�
| n 2

�
|E�� n

2
�
|E2� n

2
�
|E��

�
	 .

�
2|E�� n

�
2
|E�� n

�
2
|E2�

�
+, f 	 �

S

qk
�.

�
|E�� � |

�
�.

�
|E�� � |E2�

�l
n
k
�.

�
|E�� � |

�
� 2.

�
|E2� � |E��

�lr
�

Exw lqfuhdvlqj kd}dug0udwhv lpsolhv wkdw hdfk ri wkh h{suhvvlrqv lq vtxduh
eudfnhwv lv vwulfwo| srvlwlyh +wkh| zrxog eh }hur zlwk frqvwdqw kd}dug0udwhv63,/
zklfk suryhv wkh uhvxow iru lqfuhdvlqj kd}dug0udwhv1

Qrwh wkdw .E4�?E|2c |��� '
�
�
.E|E2�� n

2
�
.E|E���� Vr

.E|n |2 n |�� : .E.E|� n 24�?E|2c |���

+, .
�
|n 2

�
|E�� n

2
�
|E2� n

2
�
|E��

�
: .

�
�
�
|E�� n

�
�
|E2� n

D
�
|E��

�
+, �

�
.E|E�� � |E2�� : .E|E�� � |�

zklfk lv wuxh zlwk ghfuhdvlqj kd}dug0udwhv +wkh odvw h{suhvvlrq zrxog krog
zlwk htxdolw| zlwk frqvwdqw kd}dug0udwhv, dqg vr suryhv wkh uhvxow iru gh0
fuhdvlqj kd}dug0udwhv1 ��

Qrwlfh krz pxfk elgghu 4*v srvlwlrq lv zhdnhqhg e| wkh vdoh ri wkh vhfrqg

xqlw lq wkh �qrupdo� lqfuhdvlqj kd}dug0udwhv fdvh1 Zkhq mxvw rqh xqlw lv

iru vdoh/ elgghu 4 dozd|v zlqv lw1 Exw zkhq wkhuh duh wzr xqlwv iru vdoh/

klv rssrqhqwv* zlqqhuv* fxuvhv duh zhdnhqhg/ vr klv rzq zlqqhu*v fxuvh lv

vwuhqjwkhqhg dqg kh zlqv eduho| pruh riwhq wkdq wkh| gr1

63Zlwk frqvwdqw kd}dug udwhv/ zkhuh I +w, @ 4 � h��+w�w,> H+w+6,, @ w . 4
6� / H+w+5,, @

w. 4
6� . 4

5� / dqg H+w+4,, @ w. 4
6� . 4

5� . 4
� 1
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Dv zlwk wkh v|pphwulf fdvh/ pdujlqdo uhyhqxhv khos xv xqghuvwdqg wkhvh

uhvxowv ehwwhu= Zkhq d vlqjoh xqlw lv vrog lw dozd|v jrhv wr elgghu 4/ vr wkh

h{shfwhg sulfh htxdov wkh h{shfwhg pdujlqdo uhyhqxh ri elgghu 4 htxdov wkh

h{shfwhg pdujlqdo uhyhqxh d udqgrpo| gudzq vljqdo1

Zkhq wzr xqlwv duh vrog/ dqg kd}dug0udwhv duh lqfuhdvlqj/ wkh zlqqhuv

duh wkh elgghuv zlwk wkh wzr kljkhvw vljqdov/ dqg wkh h{shfwhg shu0xqlw sulfh

htxdov wkh h{shfwhg dyhudjh pdujlqdo uhyhqxhv ri wkhvh elgghuv1 Vlqfh lq0

fuhdvlqj kd}dug0udwhv lpso| wkdw wkh elgghuv zlwk wkh kljkhvw vljqdov kdyh

wkh kljkhvw pdujlqdo uhyhqxhv/ lw iroorzv wkdw wzr xqlwv vhoo dw d kljkhu shu0

xqlw sulfh/ rq dyhudjh/ wkdq rqh xqlw1

Zkhq kd}dug0udwhv duh ghfuhdvlqj/ rq wkh rwkhu kdqg/ dqg wzr xqlwv duh

vrog/ wkh| duh zrq e| elgghu 4/ zkrvh h{shfwhg pdujlqdo uhyhqxh htxdov wkdw

ri d udqgrpo| gudzq vljqdo/ dqg e| wkh rwkhu elgghu zkr kdv wkh kljkhu

ri wkh rwkhu vljqdov dqg wkh orzhu ri wkh rwkhu pdujlqdo uhyhqxhv1 Vr wkh

h{shfwhg pdujlqdo uhyhqxh ri d zlqqhu lv orzhu zkhq wzr xqlwv duh vrog wkdq

zkhq mxvw rqh xqlw lv vrog1 64

Lq vkruw/ vhoolqj pruh xqlwv ohdgv wr kljkhu sulfhv zkhq elgghuv duh dv|p0

phwulf dqg kd}dug udwhv duh lqfuhdvlqj/ dqg zkhq elgghuv duh v|pphwulf dqg

kd}dug udwhv duh ghfuhdvlqj1

8 H{whqvlrqv

814 Udwlrqlqj dqg Lqlwldo Sxeolf R�hulqjv

Vhoolqj wzr kdoi0xqlwv |lhogv wkh vdph shu0xqlw sulfhv dv vhoolqj wzr zkroh

xqlwv lq rxu prgho1 Vr udwlrqlqj e| shuplwwlqj hdfk elgghu wr ex| rqo| d

kdoi0xqlw |lhogv d kljkhu h{shfwhg sulfh wkdq vhoolqj d vlqjoh xqlw lq wkrvh

64Dfwxdoo| wklv lv rqo| kdoi wkh vwru| iru zk| zlwk ghfuhdvlqj kd}dug0udwhv wzr xqlwv
|lhogv d orzhu shu0xqlw sulfh wkdq d vlqjoh xqlw1 Uhphpehu wkdw wkh uhvxow wkdw wkh
h{shfwhg uhyhqxh iurp dq dxfwlrq htxdov wkh h{shfwhg pdujlqdo uhyhqxh ri wkh zlqqhu
dvvxphv dq| elgghu zlwk wkh orzhvw ihdvleoh vljqdo uhfhlyhv qr h{shfwhg vxusoxv/ mxvw dv
wkh Uhyhqxh Htxlydohqfh Wkhruhp dssolhv rqo| wr dxfwlrqv zkhuh elgghuv zlwk wkh zruvw
srvvleoh vljqdov pdnh qr prqh|1 Lq prvw vwdqgdug dxfwlrqv wkh dvvxpswlrq krogv wuly0
ldoo|/ exw rxu ghfuhdvlqj kd}dug udwh dv|pphwulf dxfwlrq lv dq h{fhswlrq lq zklfk hyhq wkh
orzhvw w|sh ri elgghu 4 dozd|v zlqv/ pdnhv }hur h{shfwhg vxusoxv dw wkh orzhvw ihdvleoh
vdoh sulfh/ dqg dq hyhu lqfuhdvlqj h{shfwhg vxusoxv dw kljkhu vdoh sulfhv1 Vr wkh wzr0xqlw
ghfuhdvlqj kd}dug0udwh dxfwlrq lv hyhq ohvv sur�wdeoh uhodwlyh wr dq| ri rxu rwkhu dxfwlrqv
zklfk gr doo vdwlvi| wkh vwdqgdug dvvxpswlrq1 +Vhh qrwh 4<1,
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fdvhv lq zklfk lqfuhdvlqj vxsso| udlvhv sulfh165 Wkh lqwxlwlrq lv wkdw fuhdwlqj

dgglwlrqdo zlqqhuv uhgxfhv wkh zlqqhuv* fxuvh wkdw dq| ri wkhp idfh/ dqg

vr holflwv pruh djjuhvvlyh elgglqj ehkdylrxu1 E| wkh vdph orjlf/ wkh vhoohu

fdq gr ehwwhu vwloo lq wkh ghfuhdvlqj kd}dug udwh fdvh e| vlpso| r�hulqj hdfk

ex|hu rqh0wklug ri d xqlw dw d �{hg sulfh/ ru dowhuqdwlyho| e| fkrrvlqj wkh

zlqqhu udqgrpo| dprqj wkrvh suhsduhg wr sd| wkh �{hg sulfh166

Sursrvlwlrq 6= Udwlrqlqj wr doo 6 elgghuv dw wkh �{hg sulfh | n 2.E|�

lv wkh rswlpdo zd| wr vhoo d vlqjoh xqlw zkhq kd}dug udwhv duh ghfuhdvlqj167

Surri= Vhh dsshqgl{1 ��

Wkh uhvxow wkdw udwlrqlqj dprqj doo elgghuv lv pruh sur�wdeoh wkdq udlv0

lqj wkh sulfh wr fohdu wkh pdunhw uhtxluhv ghfuhdvlqj kd}dug udwhv168 Wkh

pruh jhqhudo srlqw/ krzhyhu/ lv wkdw wkh gl�huhqfh ehwzhhq wkh h{shfwhg uhy0

hqxhv iurp fkrrvlqj d sulfh wkdw jxdudqwhhv dq lpphgldwh vhoo0rxw dqg iurp

vhdufklqj iru wkh ehvw srvvleoh sulfh pd| eh vpdoo> ehfdxvh vhdufklqj iru d

kljk sulfh pd| uhyhdo vrph qhjdwlyh lqirupdwlrq +derxw zkhuh orz elgghuv

txlw,/ lw fdq ohdg wr hlwkhu d kljkhu ru d orzhu sulfh wkdq wkh srrolqj htxl0

oleulxp wkdw udwlrqlqj lqgxfhv1 Li wkh vhoohu lv ulvn dyhuvh/ lw pd| suhihu wkh

vxuh sulfh wkdw udwlrqlqj jxdudqwhhv1

Lq pdq| �qdqfh dqg rlo0ohdvh prghov/ vljqdov duh dvvxphg wr eh glvwule0

xwhg orjqrupdoo|/ vr kd}dug udwhv duh �uvw lqfuhdvlqj dqg wkhq ghfuhdvlqj1 Lq

wkhvh fdvhv/ zlwk v|pphwulf elgghuv/ wkh vhoohu grhv ehvw wr judgxdoo| udlvh

sulfh wr holplqdwh wkh ex|huv zlwk wkh orzhvw vljqdov exw wkhq udwlrq zkhq d

kljk hqrxjk sulfh lv uhdfkhg1 Wklv �wv forvho| zlwk sudfwlfh lq Lqlwldo Sxeolf

R�hulqjv zkhuh d udqjh ri sulfhv pd| eh h{soruhg/ exw wkh �qdo sulfh lv riwhq

65Htxlydohqwo|/ fkrrvlqj wkh zlqqhu udqgrpo| zkhq wzr elgghuv uhpdlq grhv ehwwhu wkdq
vhoolqj d vlqjoh xqlw wr wkh kljkhvw elgghu lq wkhvh fdvhv1

66Lq wkh dv|pphwulf/ lqfuhdvlqj kd}dug0udwh/ fdvh wkh rswlpdo qxpehu ri elgghuv wr
udwlrq dprqj lv wzr1

67Zh duh uhvwulfwlqj rxuvhoyhv wr phfkdqlvpv wkdw dozd|v |lhog d vdoh1 Vrphwlphv d
vhoohu fdq gr ehwwhu lq h{shfwdwlrq e| kdylqj plqlpxp sulfhv wkdw pd| ohdg wr qr vdoh1

68Udwlrqlqj lv vwulfwo| pruh sur�wdeoh wkdq udlvlqj wkh sulfh wr fohdu wkh pdunhw lq wkh
v|pphwulf fdvh/ dqg2ru zkhq wzr xqlwv duh dydlodeoh1 Lq wkh dv|pphwulf fdvh/ udwlrqlqj
d vlqjoh xqlw wr doo wkuhh elgghuv dw wkh �{hg sulfh lv htxdoo| sur�wdeoh lq h{shfwdwlrq dv
wkh vwdqgdug dvfhqglqj dxfwlrq +lqghshqghqw ri zkhwkhu kd}dug udwhv duh lqfuhdvlqj ru
ghfuhdvlqj,1+Vhh qrwh 4 ri wkh Dsshqgl{1,
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�{hg dw d srlqw zkhuh h{fhvv ghpdqg lv prvw olnho|169

815 Uhvwulfwlqj wkh qxpehu ri elgghuv

Lw lv dovr hylghqw wkdw zkhq lqfuhdvlqj vxsso| udlvhv sulfh/ vr fdq uhvwulfwlqj

ghpdqg16:

Djdlq wkh lqwxlwlrq lv wkdw uhgxflqj wkh qxpehu ri elgghuv uhgxfhv hdfk

elgghu*v zlqqhu*v fxuvh1 Vlqfh lq d sulydwh0ydoxh dvfhqglqj dxfwlrq elgghuv

iroorz wkh vdph vwudwhj| uhjdugohvv ri wkh qxpehu ri elgghuv +wkh| elg xs

wr wkhlu wuxh ydoxh,/ lw vkrxog eh qr vxusulvh wkdw zlwk frpprq ydoxhv hdfk

elgghu elgv pruh djjuhvvlyho| zkhq wkhuh duh ihzhu ri wkhp16; Wklv h�hfw

fdq grplqdwh wkh zlqqhu kdylqj d orzhu vljqdo/ rq dyhudjh/ zkhq wkhuh duh

ihzhu elgghuv1

Dv ehiruh lw lv txlfnhvw wr vhh wkh uhvxowv xvlqj pdujlqdo uhyhqxhv/ wkrxjk

zh zloo r�hu surriv xvlqj pruh wudglwlrqdo phwkrgv1

Zkhq ? v|pphwulf elgghuv frpshwh iru rqh xqlw/ wkh h{shfwhg sulfh

htxdov wkh h{shfwhg pdujlqdo uhyhqxh ri wkh zlqqhu/ htxdov wkh h{shfwhg pdu0

jlqdo uhyhqxh ri wkh elgghu zlwk wkh kljkhvw vljqdo dprqj wkh ? elgghuv16<

Vr li kd}dug udwhv duh ghfuhdvlqj/ wkdw lv/ wkh elgghuv zlwk wkh kljkhu vljqdov

kdyh wkh orzhu pdujlqdo uhyhqxhv/ wkhq wkh h{shfwhg sulfh lv ghfuhdvlqj lq ?�

69Wklv lv wuxh hyhq zkhq wkh �qdo LSR sulfh lv vhw deryh wkh lqlwldoo| vshfl�hg udqjh1
Iru rwkhu wkhrulhv ri udwlrqlqj/ vhh Gh Juded +4<<8,/ Gh Juded dqg Prkdpphg +4<<9,/
Ghqlfror dqg Jduhood +4<<9,/ Jloehuw dqg Nohpshuhu +4<<:, dqg wkh uhihuhqfhv wkh| flwh1

6:Nulvkqd dqg Prujdq*v +4<<:, Zrunlqj Sdshu ghyhorshg wkh uhvxowv ri wkh v|pphwulf
fdvh ri wklv vxevhfwlrq lqghshqghqwo| dqg vlpxowdqhrxvo| zlwk wkh �uvw +4<<:, gudiw/ ri
rxu rzq sdshu1

6;Lq wkh v|pphwulf fdvh/ zlwk wzr elgghuv l elgv xs wr 5wl . H+w,1 Zlwk wkuhh elgghuv
l elgv xs wr 5wl . w+6,1 Ndjho/ Ohylq dqg Kduvwdg +4<<8, kdyh qrwhg wkh vdph uhvxow�
wkdw elgghuv elg pruh djjuhvvlyho| zkhq wkhuh duh ihzhu ri wkhp�iru vhdohg vhfrqg0sulfh
dxfwlrqv1 +Lq wkhvh |rx elg |rxu ydoxh dvvxplqj rqh rwkhu elgghu lv wlhg zlwk |rx/ rwkhu
elgghuv duh dyhudjh frqglwlrqdo rq ehlqj ehorz |rx/ exw rwkhu qrq0elgghuv duh xqfrqgl0
wlrqdoo| dyhudjh1, Pdwwkhzv +4<;7, dujxhv wkdw wkh uhvxow dovr w|slfdoo| krogv iru �uvw0sulfh
dxfwlrqv1 Rxu uhvxow dssolhv htxdoo| wr wkh dv|pphwulf fdvh1

6<Qrwh wkdw dq| elgghu*v dfwxdo pdujlqdo uhyhqxh lv d ixqfwlrq ri doo wkh rwkhu
dfwlyh elgghuv* vljqdov/ vr ghshqgv rq q1 Exw zlwk lqghshqghqw vljqdov d elg0
ghu*v pdujlqdo uhyhqxh/ jPUl+wl> wm,> zkhq l dqg m duh dfwlyh/ htxdov klv h{shfwhg
pdujlqdo uhyhqxh frqglwlrqdo rq wl dqg wm > HwniPUl+wl> wm > wn,j> zkhq dq dggl0
wlrqdo elgghu n lv dfwlyh1 Vr zlwk 5 elgghuv dqg ghfuhdvlqj kd}dug udwhv sur�wv duh
Hplq+jPU4+w4> w5,> jPU5+w4> w5,, @ Hplq+Hw6iPU4+w4> w5> w6,j> Hw6iPU5+w4> w5> w6,j, �
Hplq+PU4+w4> w5> w6,>PU5+w4> w5> w6,, A Hplq+PU4+w4> w5> w6,>PU5+w4> w5> w6,>PU6+w4> w5> w6,,
zklfk odvw h{suhvvlrq htxdov h{shfwhg sur�wv zkhq doo 6 elgghuv duh suhvhqw1
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Rq wkh rwkhu kdqg/ zkhq elgghuv duh dv|pphwulf dqg doo wkuhh elgghuv

duh suhvhqw/ elgghu 4 lv wkh zlqqhu dqg/ lq h{shfwdwlrq/ kdv wkh pdujlqdo

uhyhqxh ri d udqgrpo| vhohfwhg elgghu1 Krzhyhu/ zkhq rqo| wzr elgghuv duh

vhohfwhg/ wkh zlqqhu zloo eh wkh elgghu zlwk wkh kljkhu ri wkhlu wzr vljqdov

zkhq elgghuv 5 dqg 6 duh vhohfwhg +dqg wkh zlqqhu zloo eh elgghu 4 rwkhuzlvh,1

Vr li pdujlqdo uhyhqxhv duh kljkhu +orzhu, iru wkh kljkhu0vljqdo elgghuv/ wkh

h{shfwhg sulfh zloo eh kljkhu +orzhu, zkhq wkh qxpehu ri elgghuv lv duelwudu0

lo| uhvwulfwhg wr wzr1 Wkdw lv/ wkh uhvxowv iru wkh dv|pphwulf fdvh duh djdlq

rssrvlwh wr wkrvh iru wkh v|pphwulf fdvh1

Sursrvlwlrq 7= Lq wkh v|pphwulf fdvh wkh h{shfwhg sulfh zkhq 4 xqlw

lv vrog lv kljkhu +orzhu, zkhq rqo| 5 elgghuv duh doorzhg wr sduwlflsdwh wkdq

zkhq doo 6 frpshwh li kd}dug udwhv/
�

�
��

�
c duh ghfuhdvlqj +lqfuhdvlqj, lq wkh

vljqdov1

Lq wkh dv|pphwulf fdvh wkh rssrvlwh uhvxowv dsso|1
Surri= Vhh dsshqgl{1 ��

Lq vxp/ uhvwulfwlqj wkh qxpehu ri elgghuv zkr duh doorzhg wr sduwlflsdwh

lv olnho| wr eh d sur�wdeoh vwudwhj| zkhq elgghuv duh dv|pphwulf li kd}dug

udwhv duh lqfuhdvlqj/ ru zkhq elgghuv duh frpsohwho| v|pphwulf +lq zkdw

lv sxeolfo| nqrzq derxw wkhp, exw kd}dug udwhv duh ghfuhdvlqj173 Vr rxu

prgho fdq h{sodlq vwudwhjlhv vxfk dv/ iru h{dpsoh/ d phujhu0wdujhw rshqlqj

qhjrwldwlrqv zlwk rqo| d olplwhg qxpehu ri srwhqwldo dftxluhuv174

73Qrwh wkdw zh duh dvvxplqj wkdw wkh sduwlflsdqwv duh fkrvhq udqgrpo| zkhq wkhlu
qxpehuv duh uhvwulfwhg1 Uhvwulfwlqj qxpehuv e| uhtxlulqj elgghuv wr sd| dq hqwu| ihh
diwhu ohduqlqj wkhlu vljqdov zrxog eh yhu| xqsur�wdeoh iru wkh vhoohu/ vlqfh lw zrxog vhohfw
suhflvho| wkrvh elgghuv +kljkhu vljqdov lq wkh v|pphwulf fdvh/ dqg dgydqwdjhg elgghuv lq
wkh dv|pphwulf fdvh, wkdw wkh vhoohu zlvkhv wr h{foxgh1 Ri frxuvh li hqwu| ihhv fdq eh
lpsrvhg ehiruh elgghuv ohduq wkhlu vljqdov/ wkhq doprvw doo wkh vxusoxv fdq eh h{wudfwhg e|
wkh vhoohu1

74Ri frxuvh wkhvh uhvxowv frqwudvw zlwk rxu hduolhu zrun/ Exorz dqg Nohpshuhu +4<<9,/
zklfk hpskdvlvhg frqglwlrqv xqghu zklfk uhvwulfwlqj elgglqj lv qrw phuho| xqghvludeoh iru
wkh vhoohu/ exw lv hyhq d edg lghd iru d vhoohu zkr fdq jdlq dgglwlrqdo qhjrwldwlqj srzhu e|
olplwlqj sduwlflsdwlrq1 Wkh srlqw ri wklv vhfwlrq lv wkdw zkloh wkh frqglwlrqv vshfl�hg lq
rxu hduolhu zrun duh yhu| qdwxudo iru sulydwh0ydoxh dxfwlrqv zlwk v|pphwulf elgghuv/ wkh|
duh ohvv frpshoolqj iru v|pphwulf frpprq0ydoxh ru doprvw0frpprq0ydoxh dxfwlrqv/ dqg
shukdsv hyhq xqqdwxudo iru dv|pphwulf doprvw0frpprq0ydoxh dxfwlrqv1
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816 Vhdohg0Elg Dxfwlrqv

Krz duh rxu uhvxowv d�hfwhg li wkh rwkhu ri wkh wzr prvw frpprq dxfwlrq

irupv/ wkdw lv/ d vhdohg0elg ru �uvw0sulfh dxfwlrq/ lv xvhgB75

Wkh dqvzhu lv kdugo| dw doo zkhq elgghuv duh v|pphwulf/ vlqfh wkh kljkhvw0

vljqdo elgghu+v, zlq lq dq| vwdqgdug dxfwlrq/ vr lw iroorzv iurp wkh Uhyhqxh

Htxlydohqfh Wkhruhp wkdw h{shfwhg uhyhqxhv duh wkh vdph lq dq| vwdqgdug

dxfwlrq1 Vr Ohppdv 4 dqg 5 dsso| lq h{shfwdwlrq/ dqg Sursrvlwlrq 4 dssolhv

h{dfwo| dv ehiruh1

Krzhyhu wkh rxwfrph ri d vhdohg0elg dxfwlrq/ lq vwdun frqwudvw wr wkdw

ri dq dvfhqglqj dxfwlrq lv/ lw lv eholhyhg/ doprvw xqd�hfwhg e| vpdoo dv|p0

phwulhv ehwzhhq wkh elgghuv176 Dvvxplqj wklv lv wuxh/ lw wkhq iroorzv hdvlo|

wkdw +vhh Dsshqgl{,/ lq wkh dv|pphwulf fdvh/ wkh h{shfwhg uhyhqxh lv pruh

+ohvv, iru 4 xqlw dqg lv wkh vdph +pruh, iru 5 xqlwv iurp d vhdohg0elg dxf0

wlrq wkdq iurp dq dvfhqglqj dxfwlrq/ li elgghuv* kd}dug0udwhv duh lqfuhdvlqj

+ghfuhdvlqj,> lq wkh v|pphwulf fdvh wkh wzr dxfwlrq w|shv duh dozd|v htxdoo|

sur�wdeoh1

Lq vxp/ zlwkrxw ghwdlohg lqirupdwlrq derxw wkh glvwulexwlrq ri elgghuv*

vljqdov/ lw lv yhu| kdug wr pdnh dq| suhglfwlrqv derxw zklfk ri vhdohg0elg

dqg dvfhqglqj dxfwlrqv duh pruh sur�wdeoh177

9 Frqfoxvlrqv

Hfrqrplvwv* lqwxlwlrq kdv ehhq ghyhorshg iurp wkh sduwldo htxloleulxp dqdo|0

vlv ri ixoo|0lqiruphg ex|huv dqg vhoohuv1 Wkhvh djhqwv nqrz wkh ydoxh wkh|

sodfh rq dvvhwv1 Vr lq �sulydwh0ydoxh� dxfwlrqv/ pruh ex|huv udlvh sulfhv/

pruh txdqwlw| lpsolhv d orzhu sulfh/ dqg li ghpdqg h{fhhgv vxsso| lw dozd|v

75Lq d vhdohg0elg ru �uvw0sulfh dxfwlrq iru wzr xqlwv/ elgghuv vlpxowdqhrxvo| dqg lqgh0
shqghqwo| vxeplw elgv1 Wkh zlqqhuv duh wkh wzr kljk elgghuv dqg hdfk sd|v klv dfwxdo
elg1

76Wr rxu nqrzohgjh wkhuh lv qr jhqhudo wkhruhp surylqj wklv/ dowkrxjk Dyhu| dqg Ndjho
+4<<:, wkhruhp 519 ghprqvwudwhv wkh uhvxowv iru d prgho wkdw lv doprvw d vshfldo fdvh
ri rxuv/ dqg Exorz/ Kxdqj/ dqg Nohpshuhu +iruwkfrplqj, suryhv wkh uhvxow lq d uhodwhg
frqwh{w1

77Nohpshuhu +4<<:, exlogv rq wkh �uvw +4<<:, gudiw ri wklv sdshu/ wr glvfxvv krz dxfwlrqv
ri SFV olfhqvhv dqg dxfwlrqv ri frpsdqlhv fdq eh ghvljqhg wr fdswxuh wkh ehqh�wv wkdw
�uvw0sulfh dxfwlrqv r�hu1
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pdnhv vhqvh iru d vhoohu wr wu| wr udlvh sulfh1

Zh kdyh vkrzq wklv lqwxlwlrq grhv qrw fduu| ryhu wr �frpprq0ydoxh�

vhwwlqjv vxfk dv �qdqfldo pdunhwv zkhuh ex|huv kdyh gl�huhqwldo dvvhvvphqwv

ri dvvhwv wkdw zrxog eh ydoxhg vlploduo| e| doo li wkh| vkduhg wkhlu lqirupdwlrq1

Zlwk v|pphwulf djhqwv/ wkh vwdqgdug uhvxowv rqo| rffxu zlwk d udwkhu

vwurqj glvwulexwlrqdo dvvxpswlrq/ htxlydohqw wr zkdw lv qhhghg iru vwudwhjlf

vxevwlwxwhv lq Frxuqrw frpshwlwlrq1 Zkhq wklv dvvxpswlrq idlov/ vhwwlqj d

sulfh wkdw jxdudqwhhv h{fhvv ghpdqg dqg udwlrqlqj/ dv lq Lqlwldo Sxeolf Ri0

ihulqjv/ pd| eh pruh sur�wdeoh wkdq �qglqj wkh sulfh wkdw fohduv wkh pdunhw1

Ixuwkhupruh/ uhvwulfwlqj hqwu| wr dq dxfwlrq pd| lqfuhdvh h{shfwhg uhyhqxhv1

Zlwk dv|pphwulf djhqwv wkh vwdqgdug uhvxowv idlo xqghu h{dfwo| wkh frq0

glwlrqv iru zklfk wkh| krog xqghu v|pphwu|1 Wklv pd| h{sodlq zk|/ lq wkh

IFF*v lqlwldo SFV dxfwlrq/ sulfhv vhhphg wr eh orz lq vrph uhjlrqv zkhuh d

vlqjoh olfhqvh zdv vrog/ uhodwlyh wr pdunhwv zkhuh wzr olfhqvhv zhuh dydlodeoh1
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Dsshqgl{

D1 Surri ri Sursrvlwlrqv 6 dqg 7

Surri ri Sursrvlwlrq 6
Iru dq| doorfdwlrq phfkdqlvp/ ohw ��E|�� eh wkh suredelolw| wkdw � zloo

uhfhlyh wkh remhfw/ lq htxloleulxp/ dqg ohw 7�E|�� eh wkh htxloleulxp h{shfwhg
vxusoxv wr elgghu �1 Lqfhqwlyh frpsdwlelolw| uhtxluhv wkdw 7�E|�n_|�� � 7�E|��n
E� n k��_|���E|�� +vlqfh �� lv E� n k��_|� kljkhu iru w|sh |� n _|� wkdq iru w|sh
|�c lqghshqghqw ri wkh rwkhu elgghuv* vljqdov,1 Olnhzlvh 7�E|�� � 7�E|�n_|���
E�nk��_|���E|�n_|��c vr E�nk����E|�n_|�� � 7�E|�n_|��37�E|��

_|�
� E�nk����E|���

Vr ��E|�� pxvw eh d +zhdno|, lqfuhdvlqj ixqfwlrq1
Dovr 7�E|�� kdv ghulydwlyh E� n k����E|��c vr

7�E|�� ' 7�E|� n
U |�
| E� n k����E|�_|c dqg

.|�E7�E|��� ' 7�E|� n
U
"

|

U |�
| E� n k����E|�_|sE|��_|�

' 7�E|� n
U
"

| E�� 8 E|���E� n k����E|��_|� +lqwhjudwlqj e| sduwv,

' 7�E|� n .|�E��E|��E� n k����E|����

Qrz h{shfwhg vhoohu sur�wv duh wkh h{shfwhg ydoxh ri wkh jrrg wr wkh zlq0
qlqj elgghu ohvv wkh h{shfwhg vxusoxv ri wkh elgghuv1 Vlqfh wkh ydoxh ri wkh
jrrg wr wkh zlqqhu lv wkh vdph iru doo phfkdqlvpv +ljqrulqj wkh k��c sur�wv
duh pd{lpl}hg e| plqlpl}lqj wkh elgghu*v vxusoxv1 Exw ��E|�� lv lqfuhdvlqj
zkhq kd}dug udwhv duh ghfuhdvlqj/ vr vlqfh ��E|�� lv uhtxluhg wr eh lqfuhdvlqj/S�

�'�.|�E��E|��E�nk����E|��� lv plqlpl}hg +ljqrulqj wkh k�� dprqj doo vfkhphv
wkdw dozd|v vhoo +l1h1 kdyh

S�
�'� ��E|�� ' �� e| fkrrvlqj ��E|�� ' frqvwdqw/ ;��

Dqg vhoolqj dw sulfh |n 2.E|� |lhogv 7�E|� ' f +lqglylgxdo udwlrqdolw| lpsolhv
7�E|�� � f ;|��� Vr udwlrqlqj htxdoo| wr doo wkuhh elgghuv dw sulfh | n 2.E|�
pd{lpl}hv wkh vhoohu*v h{shfwhg sur�wv178 ��

Surri ri Sursrvlwlrq 7
Lq wkh v|pphwulf fdvh/ zlwk wkuhh elgghuv wkh sulfh Rd�o � |E�� n 2|E2�c e|

Ohppd 41 Zkhq rqo| wzr elgghuv/ vd| � dqg �c duh shuplwwhg wr sduwlflsdwh
wkh orvhu/ vd| elgghu �/ txlwv dw sulfh Rd2o � 2|�n.E|&�c vlqfh wklv lv wkh srlqw
dw zklfk kh zrxog mxvw eh lqgl�huhqw derxw zlqqlqj frqglwlrqdo rq ehlqj wlhg

78Zkhq elgghuv duh v|pphwulf dqg wkhuh duh wzr remhfwv/ wkh vwdqgdug dxfwlrq wr fohdu
wkh pdunhw |lhogv shu0xqlw sur�wv ri 5w+6,.H+w m w � w+6,,> e| Ohppd 5/ dqg wkh h{shfwdwlrq
ri wklv txdqwlw| lv ohvv wkdq w.5H+w, +zkhq kd}dug udwhv duh ghfuhdvlqj, e| wkh dujxphqw
ri Sursrvlwlrq 51 E| Sursrvlwlrq 4/ wkh h{shfwhg sur�w iurp dxfwlrqlqj d vlqjoh xqlw lq
wkh v|pphwulf fdvh lv vwloo orzhu1
Zkhq elgghuv duh dv|pphwulf/ dxfwlrqlqj wzr remhfwv |lhogv shu0xqlw sur�wv ri H+w, .

5plq+w5> w6, +e| Ohppd 7, wkh h{shfwdwlrq ri zklfk lv ohvv wkdq w.5H+w, e| wkh dujxphqw
ri Sursrvlwlrq 51 E| Ohppd 6/ wkh sur�w iurp dxfwlrqlqj d vlqjoh xqlw lq wkh dv|pphwulf
fdvh lv w. w5 . w6> wkh h{shfwdwlrq ri zklfk htxdov w. 5H+w,=
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zlwk elgghu �1 Vlqfh |� lv wkh orzhu ri wzr vljqdov gudzq iurp wkuhh elgghuv/
.E|�� ' .

�
2
�
|E�� n

�
�
|E2�

�
zkloh .E|&� ' �

�
.
�
|E�� n |E2� n |E��

�
� Vr .ERd�o� 	

.ERd2o� / �
�
.
�
�|E�� n S|E2�

�
	 �

�
.
�
D|E�� n �|E2� n |E��

�
/ 2.

�
|E2� � |E��

�
	

.
�
|E�� � |E2�

�
zklfk krogv li kd}dug udwhv duh ghfuhdvlqj +dqg wkh frqyhuvhv

krog li kd}dug udwhv duh lqfuhdvlqj,1
Lq wkh dv|pphwulf fdvh/ Rd�o � | n |2 n |�� Li elgghu 5 lv h{foxghg Rd2o �

|n|�n.E|2�( R
d2o � |n|2n.E|�� li elgghu 6 lv h{foxghg> dqg Rd2o � 2|�n.E|��

li elgghu 4 lv qrw shuplwwhg wr sduwlflsdwh/ dqg elgghu � lv wkh orvhu +dv iru
wkh v|pphwulf fdvh iru wklv odvw fdvh,1 Vr .ERd�o� 	 .ERd2o� / .E| � |� 	
2.E|��|�/ zklfk lv wuxh +idovh, li kd}dug0udwhv duh lqfuhdvlqj +ghfuhdvlqj,1 ��

E1 Surri ri Ohppdv

Dw d jlyhq sulfh R dqg iru d jlyhq klvwru| +l1h1 wkh �uvw txlwwhu*v txlw
sulfh li wkhuh kdv ehhq d txlw,/ zh zulwh |� iru wkh orzhvw +ru lq�pxp,/ l1h1
pdujlqdo/ w|sh ri elgghu � uhpdlqlqj lq htxloleulxp/ ru zulwh |� iru elgghu �*v
h{shfwhg vljqdo li kh kdv douhdg| h{lwhg/ dqg zulwh �� ' E� n k��|� n |� n |&1
Zulwh %� ' .E|� � |� m |� � |��� +Wkxv |�c �� dqg %� duh doo ixqfwlrqv ri R dqg
wkh klvwru|/ exw zh zloo qrw xvxdoo| zulwh wklv ghshqghqfh h{solflwo|1, Lw zloo
eh frqyhqlhqw wr zulwh % ' .E|� � |��

Dqdo|vlv ri wkh 4 xqlw dxfwlrq
Zh duh orrnlqj iru dq htxloleulxp lq zklfk � vwd|v lq wkh elgglqj l�

R 	 ��1 Qrz k�|� � k�|� , �� � �� , w|sh |� ri � fdqqrw txlw li w|sh |� ri
� uhpdlqv lq wkh elgglqj1 Vr w|shv |� ri � dqg |� ri � txlw vlpxowdqhrxvo| l�
k�|� ' k�|�� Vr li k� � k2 ' k� ' kc elgghuv � ' 2c � txlw dffruglqj wr |2 ' |�
zlwk |� txlwwlqj dw sulfh R ' | n E� n k�|� n |� iru R 	 E� n k��| n

k�
k
| n k�

k
|c

dqg li elgghu � txlwv lq wklv udqjh/ wkhq w|sh |� ri wkh rwkhu ri wkhvh wzr
elgghuv txlwv dw sulfh R ' |n |� n E� n k�|� iru R 	 E� n k��|n |� n

k�
k
|c dqg

eh|rqg wklv sulfh elgghu � dqg elgghu 4 erwk txlw dffruglqj wr k�|� ' k|�
dqg R ' E� n k��|� n |� n

k�
k
|� ' |� n |� n E� n k�|� E� ' 2c �( � 9' ���

+Elgghuv 4 dqg � lqihu �*v dfwxdo vljqdo |� iurp wkh sulfh dw zklfk kh txlw1,
Qr w|sh ri elgghu 4 txlwv xqwlo R ' E� n k��|� n |2 n |�� Li qhlwkhu ri wkh
rwkhu elgghuv txlw ehiruh wklv sulfh +vr wkhq R ' E� n k��| n

k�
k
| n k�

k
| dqg

k�| ' k|2 ' k|��c wkhq doo wkuhh elgghuv txlw dffruglqj wr |2 ' |� ' k�
k
|�

+dqg R ' �� ' �2 ' ��� wkhuhdiwhu/ dqg diwhu rqh elgghu kdv txlw wkh uh0
pdlqlqj elgghuv , dqg 6 txlw dffruglqj wr k,|, ' k6|6 dqg R ' �, ' �6� Lw
lv vwudljkwiruzdug wkdw wklv lv d +Shuihfw Ed|hvldq, htxloleulxp dqg lv xqltxh
xqghu rxu dvvxpswlrqv179 Wkxv li k� ' k2 ' k� ' k wkh �qdo sulfh lv

79Wkhuh duh rwkhu htxloleuld wkdw gr qrw vdwlvi| rxu dvvxpswlrqv1 Lq sduwlfxodu/
+l, zkhq wkuhh elgghuv frpshwh iru d vlqjoh xqlw/ dqg sod|hu 5 ru 6 uhfhlyhv d vx!flhqwo|

orz vljqdo +�5w5 ? �4w ru �6w6 ? �4w, wkdw kh nqrzv kh zloo vxuho| orvh wr sod|hu 4/ gl�huhqw
htxloleuld fdq eh frqvwuxfwhg e| pdnlqj gl�huhqw dvvxpswlrqv derxw krz idu kh elgv xs
wkh sulfh lq vxfk d fdvh +krzhyhu gl�huhqw dvvxpswlrqv wkhq rxuv zrxog qrw lpsruwdqwo|
d�hfw rxu uhvxowv,1
+ll, hyhq zkhq mxvw wzr sod|huv l dqg m frpshwh iru d vlqjoh xqlw/ lw lv dq htxloleulxp

iru l wr txlw lpphgldwho| zkloh m qhyhu txlwv1 +Zlwk xqerxqghg vxssruwv ri wkh vljqdov/
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E� n k�|E2� n |E2� n |E�� � 2|E2� n |E�� iru vpdoo k1 Li k� : k2 ' k� ' k/ wkhq
dv

�
k
k�

�
$ f wkh suredelolw| ri elgghu 4 zlqqlqj dssurdfkhv 4 vr wkh �qdo

sulfh lv +doprvw dozd|v, | n |2 n |� n k4@ E|2c |�� � | n |2 n |�� Wklv suryhv
Ohppdv 4 dqg 61

Dqdo|vlv ri wkh 5 xqlw dxfwlrq
Zh orrn iru dq htxloleulxp lq zklfk d elgghu txlwv zkhq kh zrxog eh mxvw

lqgl�huhqw zhuh kh wr �qg klpvhoi d zlqqhu1 Lq vxfk dq htxloleulxp ohw M�ER�
eh wkh kd}dug0udwh zlwk zklfk � txlwv dw sulfh R/ wkdw lv/

M�ER� '
|��ER�sE|�ER��

�� sE|�ER��
�7:

Vr w|sh |� ri � txlwv zkhq

R ' E� n k��|� n |� n |& n %�

#
M&

M� nM&

$
n %&

#
M�

M� nM&

$

wkdw lv/ wkh sulfh htxdov �*v h{shfwhg ydoxh frqglwlrqdo rq zlqqlqj vlqfh/
lq wklv fdvh/ zlwk suredelolw|

�
M�

M�nM&

�
lw lv � zkr kdv txlw vr |� ' |� dqg

.E|&� ' |& n %&�
Zh ehjlq zlwk wkh dv|pphwulf fdvh1 Ohw k� : k2 ' k� ' k�

Lqfuhdvlqj kd}dug udwhv
Ehjlq zlwk wkh vwdqgdug fdvh lq zklfk wkh kd}dug udwh/ sE|��

�3sE|��
lv lqfuhdvlqj

lq |�c vr %� lv ghfuhdvlqj lq |�1 Qr0rqh txlwv xqwlo R ' E�nk�|n%c dw zklfk sulfh
wkh orzhvw w|shv ri elgghuv 5 dqg 6 txlw1 Vlqfh 5 dqg 6 ehkdyh v|pphwulfdoo|/
|2 ' |�c dqg R ' |nE2nk�|2n % xqwlo k�|n %2 ' k|2n% dw zklfk sulfh/ vd|
R/ elgghu 4 lv dovr mxvw lqgl�huhqw derxw �qglqj klpvhoi d zlqqhu1 Iru w|shv
ri doo wkuhh elgghuv wr eh txlwwlqj vlpxowdqhrxvo|/ zh uhtxluh

k�|� n %2

�
M�

M2 nM�

�
n %�

�
M2

M2 nM�

�
' k|2 n %�

�
M�

M� nM�

�
n %�

�
M�

M� nM�

�

' k|� n %�

�
M2

M� nM2

�
n %2

�
M�

M� nM2

�
c

wklv lv d Shuihfw Ed|hvldq Qdvk htxloleulxp vxssruwhg e| m eholhylqj wkdw li kh zhuh wr
revhuyh wkh rxw0ri0htxloleulxp ehkdylru wkdw l vwd|v lq wr sulfh s wkhq l*v vljqdo lv dw ohdvw
s> vxfk htxloleuld fdq eh uxohg rxw e| kdylqj d odujhvw srvvleoh vljqdo/ ru e| lqvlvwlqj hdfk
sod|hu elgv xs dw ohdvw dv idu dv klv plqlpxp srvvleoh ydoxh jlyhq klv rzq lqirupdwlrq1,
Reylrxvo| wkhvh nlqgv ri htxloleuld dovr dulvh zkhq wkuhh elgghuv frpshwh iru hlwkhu rqh
ru wzr xqlwv1
+lll, zkhq wkuhh sod|huv frpshwh iru wzr xqlwv dqg kd}dug udwhv duh ghfuhdvlqj/ htxl0

oleuld fdq eh frqvwuxfwhg lq zklfk wkh �uvw0rughu frqglwlrqv idlo ehfdxvh d sod|hu lqlwldoo|
h{shfwv wr orvh prqh| frqglwlrqdo rq zlqqlqj/ exw kh h{shfwv wr pdnh xs wkhvh orvvhv
+lq h{shfwdwlrq, li wkh elgglqj frqwlqxhv iru d zkloh1 Wkhvh htxloleuld vhhp sduwlfxoduo|
xqqdwxudo vlqfh wkh| uhtxluh v|pphwulf sod|huv wr ehkdyh dv|pphwulfdoo|1

7:Pruh suhflvho|/ wkh htxloleulxp ixqfwlrqv wl+s, duh gh�qhg e| wkh htxloleulxp kd}dug0
udwhv Kl+s,> vlqfh rwkhuzlvh w3l+�, pljkw qrw eh gh�qhg e| wl+�,= Wkh frqglwlrq wkdw d elgghu
txlwv zkhq kh lv mxvw lqgl�huhqw derxw zlqqlqj hqvxuhv wkdw Kl+s, lv �qlwh/ wkdw lv/ wl+s,
lv vlqjoh0ydoxhg dqg frqwlqxrxv1
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vr xvlqj wkh v|pphwu| ri elgghuv 5 dqg 6 |lhogv

k�|� n %2 ' k|2 n %�

�
M2

M� nM2

�
n %2

�
M�

M� nM2

�

, k�|� � k|2
%� � %2

'
M2

M� nM2
'

�
_|

�

_|
2

�2
��

n �
, _|�

_|2
'

��
�2

%#
%� � %2

k�|� � k|2

$
� �

&

lq zklfk ��E|�� � �3sE|��

sE|��
+l1h1/ dv gh�qhg lq wkh Prgho Vhfwlrq,1 Vlqfh ��E|��

lv �qlwh hyhu|zkhuh wklv |lhogv |� dv d frqwlqxrxv xszdug0vorslqj ixqfwlrq ri
|2c wkdw lv/ 4 : _|

�

_|
2

� f hyhu|zkhuh/ dqg |2 : |�c %� : %2 dqg k�|� : k|2

hyhu|zkhuh1 +Dv Ek�|� � k|2� $ fc _|�
_|
2

$ 4 , k�|� : k|2 hyhu|zkhuh1 Dv

E%� � %2� � Ek�|� � k|2� $ fc
_|

�

_|
2

$ f vr dovr _%�
_|
2

$ f zkloh _%2
_|

2

	 fc,
E%� � %2� � Ek�|� � k|2� : f hyhu|zkhuh zkhq |� : |1 Vr dovr 4 :

_|
�

_|
2

: f

zkhq |� : |��
Grhv wkh +xqltxh, vroxwlrq wr wklv gl�huhqwldo htxdwlrq gh�qh d +Shuihfw

Ed|hvldq, Qdvk htxloleulxpB Wr vhh wkdw lw grhv/ �uvw qrwh wkdw kdylqj |� dv d
ixqfwlrq ri |2 +xqltxho|, gh�qhv |�ER� dqg |2ER� xvlqj R ' E�nk��|�n2|2n%2
+vlqfh |� dqg |2 n %2 dqg khqfh R duh doo frqwlqxrxv dqg xszdug0vorslqj
ixqfwlrqv ri |2�� Qrz dvvxph elgghuv 5 dqg 6 elg dffruglqj wr |2ER� +dqg
|�ER� ' |2ER��� Wkhq w|sh |� ri elgghu 4*v sur�wv iurp �qglqj klpvhoi d
zlqqhu dw sulfh R duh R� EE� n k��|� n 2|2 n %2� ' E� n k��E|� � |�� dqg zh
kdyh vkrzq |� lv frqwlqxrxv dqg lqfuhdvlqj lq R iru R � R +l1h1 zkhuh |� : |�
vr w|sh |�*v xqltxho| rswlpdo vwudwhj| lv wr txlw dw |� ' |�� Vlploduo|/ dvvxph
elgghuv 4 dqg 6 elg dffruglqj wr |�ER� dqg |2ER�c uhvshfwlyho|1 Wkhq w|sh |2
ri elgghu 5*v sur�wv iurp �qglqj klpvhoi d zlqqhu dw sulfh R duh

R�
�
E� n k�|2 n |� n |2 n %�

�
M2

M� nM2

�
n %2

�
M�

M� nM2

��
' E�nk�E|2�|2�

dqg |2 lv frqwlqxrxv dqg lqfuhdvlqj lq R +iru R � R iurp rxu dqdo|vlv ri wkh
gl�huhqwldo htxdwlrq/ dqg iru R 5 EE�nk�|n%c R� iurp rxu hduolhu dujxphqw,1
Vr w|sh |2 txlwv dw |2 ' |21 Vr rxu htxdwlrqv gh�qh d +Shuihfw Ed|hvldq, Qdvk
htxloleulxp17;

Ilqdoo|/ lw lv hdv| wr fkhfn wkdw wkhuh duh qr rwkhu fdqglgdwh htxloleuld lq
wkh lqfuhdvlqj kd}dug0udwh fdvh1 Dw dq| sulfh diwhu R +dw zklfk sulfh

R� E|� n |2 n |�� ' k�|� n %2 ' k|2 n %�

�
M2

M� nM2

�
n %2

�
M�

M� nM2

�
lv �uvw vdwlv�hg, lw |lhogv d vwudljkwiruzdug frqwudglfwlrq iru wkhuh wr eh qr
w|shv ri 4 txlwwlqj/ ru qr w|shv ri 5 dqg 6 txlwwlqj/ ru qr w|shv ri dq| ri 4/
5 dqg 6 txlwwlqj/ dv wkh sulfh ulvhv17<

7;Li wkhuh lv dq xsshu erxqg/ w> rq wl> wkhq deryh wkh sulfh zkhuh w5 @ w6 @ w> zh fdq
frqwlqxh wr gh�qh 4*v vwudwhj| dffruglqj wr s @ +4 . �,w4 . w. w. 3=

7<Li 5 dqg 6 dorqh vwrs txlwwlqj/ wkhlu pdujlqdo w|shv zrxog hduq +w4.w5.w6,.�5w5.{5�
s> l1h1 vwulfwo| orvh prqh| lq h{shfwdwlrq/ li wkh| irxqg wkhpvhoyhv zlqqhuv> li 4 dorqh vwrsv
txlwwlqj wkh pdujlqdo w|shv ri 5 dqg 6 zrxog hduq +w4. w5. w6,.�5w5.{4�s e| zlqqlqj
vr zrxog dovr vwrs txlwwlqj> li doo vwrsshg txlwwlqj 4 zrxog hduq +w4.w5.w6,.�4w4.{5�s
vr 4 zrxog lqvwhdg frqwlqxh wr txlw1
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Vr wkh htxloleulxp zh kdyh irxqg lv xqltxh xqghu rxu dvvxpswlrqv1 Il0
qdoo|/ qrwh iurp wkh gl�huhqwldo htxdwlrq wkdw %� � %2 lv ri rughu k�|� � k|2�
+Vlqfh �� lv dq lqyhuvh kd}dug udwh/ ��

�2
: �c vr _|

�

_|
2

:
�

%�3%2
k�|�3k|2

� �
�
c vr %��%2

fdqqrw ehfrph pxfk odujhu wkdq k�|��k|2 zlwkrxw
_|

�

_|
2

ehfrplqj odujh vr uh0
gxflqj %��%21, Vr dv k� $ fc %� $ %2 dqg vr |2 $ |� dorqj wkh htxloleulxp
sdwk183 Vr wkh zlqqhuv duh doprvw dozd|v wkh elgghuv zlwk wkh kljkhu vljqdov/
dqg wkh sulfh lv doprvw dozd|v vhw e| wkh elgghu zlwk wkh orzhvw vljqdo/ |E��c
zkr txlwv dw � E� n k�|E�� n |E�� n .E| m | � |E����

Ghfuhdvlqj kd}dug udwhv
Dv iru wkh lqfuhdvlqj kd}dug0udwh fdvh/ qr0rqh txlwv xqwlo R ' E�nk�|n%

dw zklfk sulfh wkh orzhvw w|shv ri elgghuv 5 dqg 6 vwduw txlwwlqj v|pphwulfdoo|
dffruglqj wr |2 ' |� dqg R ' | n E2 n k�|2 n %1 Qrz zlwk ghfuhdvlqj kd}dug
udwhv dv |2 lqfuhdvhv vr grhv %2 vr li/ dv zh dvvxph/ k lv vpdoo/ E� n k��| n
2|2 n %2 : |n E2 n k�|2 n % ' R iru doo |2� Wkdw lv/ iru elgghu 4 wr qhyhu txlw
zkloh elgghuv 5 dqg 6 txlw v|pphwulfdoo| vdwlv�hv wkh �uvw0rughu frqglwlrqv iru
htxloleulxp hyhu|zkhuh1 Lw lv vwudljkwiruzdug wkdw wklv dovr gh�qhv d +Shuihfw
Ed|hvldq, Qdvk htxloleulxp= li elgghuv 5 dqg 6 elg dffruglqj wr |2ER� qr w|shv
ri sod|hu 4 hyhu zlvk wr txlw1 Li qr w|sh ri elgghu 4 hyhu txlwv/ zkloh elgghu 6
elgv dffruglqj wr |2ER�c wkhq wkh h{shfwhg sur�wv ri w|sh |2 ri elgghu 5 li kh
�qgv klpvhoi d zlqqhu dw sulfh R duh R�EE�nk�|2n|n|2n%� ' E�nk�E|2�|2�
zklfk lv frqwlqxrxv dqg lqfuhdvlqj lq R vr |2 rswlpdoo| txlwv dw |2 ' |2�

Duh wkhuh dq| rwkhu htxloleuld lq wkh ghfuhdvlqj kd}dug0udwh fdvhB Fohduo|/
dv wkh sulfh ulvhv zlwk R ' | n E2 n k�|2 n % wkhuh lv qr srlqw dw zklfk
vrph w|shv ri 4 vwduw txlwwlqj1 +Wkhlu h{shfwhg ydoxhv iurp ehlqj d zlqqhu
dozd|v h{fhhg wkh sulfh1, Krzhyhu zh qhhg wr frqvlghu wkh srvvlelolw| wkdw
dw vrph sulfh dw ru deryh E� n k�| n % qr w|shv ri dq| sod|huv duh txlwwlqj1
Wklv zrxog uhtxluh eholhiv wkdw frqglwlrqdo rq wkh rxw0ri0htxloleulxp hyhqw
wkdw sod|hu 5 grhv �qg klpvhoi d zlqqhu/ kh eholhyhv wkdw sod|hu 6 txlw zlwk
suredelolw| � b zkhuh R ' | n E2 n k�|2 n b% n E� � b�%2� Qrwh wkdw dv R
ulvhv/ b idoov vlqfh %2 : %1 Vr qr w|shv ri sod|huv 5 dqg 6 fdq hyhu vwduw
txlwwlqj djdlq xqohvv w|shv ri sod|hu 4 dovr gr/ vlqfh li wkh pdujlqdo w|shv ri
5 dqg 6 +exw qrw 4, txlw wkhlu h{shfwhg ydoxh frqglwlrqdo rq ehlqj d zlqqhu
lv | n E2 n k�|2 n % � R ' E� � b�E% � %2� 	 f/ vr dq dwrp ri w|shv ri 5
dqg 6 zlvk wr txlw/ vr +doprvw, doo ri wkhvh w|shv orvh prqh| frqglwlrqdo rq
zlqqlqj/ zklfk lv d frqwudglfwlrq1 Qrz rqh srvvlelolw| lv k�| : k|2c vr qr
w|shv ri sod|hu 4 zrxog hyhu txlw vlqfh wkhlu h{shfwhg ydoxhv iurp ehlqj d
zlqqhu h{fhhg E� n k��| n 2|2 n %2 : | n E2 n k�|2 n b% n E� � b�%2 ' Rc
;b 5 dfc �o� Lq wklv fdvh zh kdyh d frqwudglfwlrq dw wkh sulfh wkdw |lhogv
b ' f�84 +Wkh sulfh fdqqrw ulvh deryh wklv sulfh zlwkrxw dw ohdvw wkh pdujlqdo

83Pruh suhflvho|/ ;%>;N>< � v=w=i�4 ? � ,m w5 � w4 m? % ; w5 ? Nj= Wr vhh wklv ohw
plq3�wl�Ni�{3l+wl,j @ ! A 3 +wklv plqlpxp h{lvwv vlqfh �{3l+wl, @ 4� {l+wl,@+kl+wl,, dqg
il+wl, dqg khqfh �{3l+wl, lv frqwlqxrxv/ dqg ! A 3 vlqfh {l+wl, ? kl+wl, iroorzv iurp wkh
lqfuhdvlqj kd}dug0udwh,1 Vr {4 � {5 A !+w5 � w4,= Vr li � ? !%@7N wkhq +w5 � w4, A %@5,
gw4
gw

5
A !+%@5,

!%@7 � 4 @ 4, w5 � w4 fdq qhyhu lqfuhdvh deryh %@5=
84Wklv sulfh lv uhdfkhg zlwk srvlwlyh suredelolw| +dv duh doo sulfhv, vlqfh wkh kd}dug udwh

5:



w|shv ri 5 zlvklqj wr txlw/ vr dq dwrp ri w|shv 5 dqg 6 zlvk wr txlw +dv
deryh,/ vr +doprvw, doo ri wkhvh orvh prqh| frqglwlrqdo rq zlqqlqj zklfk lv
d frqwudglfwlrq1, Dqrwkhu srvvlelolw| lv k�| ' k|2� Lq wklv fdvh wkh pdujlqdo
w|shv ri 4 dovr zlvk wr txlw dw b ' f1 Exw wkh sulfh fdqqrw wkhq ulvh kljkhu
zlwkrxw dq| w|shv ri 5 dqg 6 txlwwlqj vlqfh 4*v pdujlqdo frqglwlrq zrxog
lpso| R ' E� n k��|� n 2|2 n %2 � |� n E2 n k�|2 n %2 zklfk lpsolhv w|shv
ri 5 dqg 6 pxvw txlw/ exw iru dq| +dfwxdo, uhodwlyh suredelolw| b '

�
M�

M�nM�

�
zlwk zklfk sod|hu 5 eholhyhv wkdw dqrwkhu sod|hu zkr txlwv lv sod|hu 6/ sod|hu
5*v h{shfwhg ydoxh iurp zlqqlqj lv |� n E2 n k�|2 n b%� n E� � b�%2 	 R vr
dq dwrp ri w|shv ri 5 dqg 6 pxvw txlw/ zklfk lv d frqwudglfwlrq/ dv ehiruh1
Ilqdoo|/ zh pd| kdyh k�| 	 k|2 dw wkh sulfh dw zklfk w|shv ri 5 dqg 6
vwrs txlwwlqj1 Lq wklv fdvh w|shv ri sod|hu 4 vwduw txlwwlqj dw sulfh R '
E� n k��|n 2|2 n %2 ' |n E2 n k�|2 n b%n E�� b�%2 iru vrph b 5 Efc ��� Dw
wklv sulfh wkh pdujlqdo w|shv ri sod|huv 5 dqg 6 pxvw dovr vwduw txlwwlqj dw
kd}dug udwhv vxfk wkdw b '

�
M2

M�nM2

� �
'
�

M�

M�nM�

��
�+Li qrw/ wkh pdujlqdo w|shv

ri sod|huv 5 dqg 6 zrxog hlwkhu eh vwulfwo| orvlqj ru vwulfwo| pdnlqj prqh|
+lq h{shfwdwlrq, frqglwlrqdo rq zlqqlqj1 Erwk duh frqwudglfwlrqv> wkh odwwhu
ehfdxvh wkh w|shv mxvw ehorz wkh fxuuhqw pdujlqdo w|shv ri 5 dqg 6 zrxog
qrw kdyh ehhq zloolqj wr txlw hduolhu zkhuh wkhlu �uvw0rughu frqglwlrqv zhuh
vdwlv�hg1, Qrz zkhuh w|shv ri 4 vwduw txlwwlqj zh kdyh |� ' | 	

�
k
k�

�
|2 dqg

%2 : %� vr zkhq k� lv vpdoo zh uhtxluh b vpdoo/ wkdw lv/ M�

M2

odujhc khqfh _|
�

_|
2

lv
odujh1 Vr k�|� � k|2 $ f dqg k�|� ' k|2 lv dfklhyhg iru �qlwh |2� +Xqwlo wklv
srlqw |� dqg |2 pxvw mxvw eh iroorzlqj wkh gl�huhqwldo htxdwlrq ghwhuplqhg e|
R ' E�nk��|�n2|2n %2 ' |�nE2nk�|2n

�
M2

M�nM2

�
%�n

�
M�

M�nM2

�
%2c wkdw lv/

wkh vdph gl�huhqwldo htxdwlrq dv lq wkh lqfuhdvlqj kd}dug0udwh fdvh1, Exw dw
k�|� ' k|2c dqg khqfh

�
M2

M�nM2

�
' fc zh kdyh wkh vdph frqwudglfwlrq wkdw zh

kdg zlwk k�| ' k|2 dqg b ' f� +Dq| �qlwh udwh ri txlwwlqj ri sod|hu 5 zrxog
lpso| doo w|shv forvh wr |2 vwulfwo| zlvkhg wr txlw zklfk lv d frqwudglfwlrq/ exw
li qr w|shv ri sod|hu 5 txlw dv wkh sulfh/ dqg khqfh |�/ ulvhv/ wkhq zh zloo kdyh
R ' E�nk��|� n2|2n %2 : |�n E2nk�|2n %2 zklfk lv dovr d frqwudglfwlrq1,

Vr wkh htxloleulxp zh irxqg/ lq zklfk sod|hu 4 qhyhu txlwv zkloh sod|huv
5 dqg 6 txlw v|pphwulfdoo| dffruglqj wr |2 ' |� dqg R ' |n E2 n k�|2 n %/ lv
wkh xqltxh +Shuihfw Ed|hvldq, Qdvk htxloleulxp vdwlvi|lqj rxu dvvxpswlrqv/
dqg wkh �qdo sulfh lv |n %nE2nk�4�?E|2c |�� ' .E|� n E2nk�4�?E|2c |�� �
.E|�n24�?E|2c |�� lq zklfk |2 dqg |� duh wkh dfwxdo vljqdov ri elgghuv 5 dqg 61

Wkh V|pphwulf Fdvh
Zkhq k� ' k2 ' k� ' k lw lv vwudljkwiruzdug wkdw lw lv d +Shuihfw

Ed|hvldq, htxloleulxp iru elgghuv wr txlw dffruglqj wr |� ' |2 ' |� dqg
R ' E� n k�|� n %�/ dqg wkdw wklv lv wkh xqltxh htxloleulxp vdwlvi|lqj rxu
dvvxpswlrqv1 Lq wklv fdvh wkh �qdo sulfh lv E� n k�|E�� n %E�� � 2|E�� n .E| m
| � |E����

Wkxv zh kdyh suryhg Ohppdv 5 dqg 71

lv ghfuhdvlqj1
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F1 Frpsdulvrq ri Vhdohg0Elg dqg Dvfhqglqj Dxfwlrqv

Lq wkh dv|pphwulf fdvh/ zkhq 4 xqlw lv vrog/ wkh dvfhqglqj dxfwlrq |lhogv
� | n 2.E|� ' | n 2

�
.
�
|E�� n |E2� n |E��

�
lq h{shfwdwlrq +Ohppd 6,1 Wkh

vhdohg0elg dxfwlrq |lhogv � .
�
|E�� n 2|E2�

�
lq h{shfwdwlrq � zh dvvxph wkh

frqmhfwxuh lq Vhfwlrq 816 wkdw wkh h{shfwhg uhyhqxh iurp wkh vhdohg0elg dxf0
wlrq lv doprvw xqd�hfwhg e| wkh vpdoo dv|pphwulhv ehwzhhq wkh elgghuv/85

vr lv doprvw Uhyhqxh Htxlydohqw wr wkh vlwxdwlrq lq Ohppd 41 Ixuwkhupruh/
.
�
|E�� n 2|E2�

�
: 2

�
.
�
|E�� n |E2� n |E��

�
n | / .

�
b|E�� n S

�
|E2� � |E��

��
:

.
�
S|E�� n e

�
|E2� � |E��

�
n 2

�
|E�� � |E2�

��
n �|/

.
�
�E|E�� � |� n 2

�
|E2� � |E��

��
:.

�
2
�
|E�� � |E2�

��
zklfk lv dozd|v wuxh +idovh,

li kd}dug0udwhv duh lqfuhdvlqj +ghfuhdvlqj,186

Zkhq 5 xqlwv duh vrog wkh vhdohg0elg dxfwlrq |lhogv� .
�
2|E�� n .

�
|m | � |E��

��
lq h{shfwdwlrq/ dvvxplqj dssur{lpdwh Uhyhqxh Htxlydohqfh wr wkh vlwxdwlrq
lq Ohppd 51 Wkh dvfhqglqj dxfwlrq |lhogv wkh vdph lq h{shfwdwlrq li kd}dug0
udwhv duh lqfuhdvlqj/ exw � .E.E|� n 24�?E|2c |��� lq h{shfwdwlrq li kd}dug0
udwhv duh ghfuhdvlqj +Ohppd 7,1 Exw .

�
2|E�� n .

�
|m | � |E��

��
' .E2|E�� n

�
2
|E�� n

�
2
|E2�� dqg .E.E|� n 24�?E|2c |��� ' .E�

�
|E�� n

�
�
|E2�cn

D
�
|E��� +vhh wkh

surri ri Sursrvlwlrq 5, dqg .E2|E��n �
2
|E��n

�
2
|E2�� : .E�

�
|E��n

�
�
|E2�n

D
�
|E���/

.E|E�� � |E2�� : .E2E|E2� � |E���� zklfk lv dozd|v wuxh zlwk ghfuhdvlqj kd}dug
udwhv1

85Vhh qrwh 76 ri wkh wh{w1
86Wklqnlqj derxw pdujlqdo uhyhqxhv lv wkh txlfnhvw zd| wr vhh wkh uhvxow iru wkh 4 xqlw

fdvh/ vlqfh wkh vhdohg elg dqg dvfhqglqj dxfwlrqv |lhog wkh h{shfwhg pdujlqdo uhyhqxh ri
wkh kljkhvw0vljqdo elgghu dqg wkh dyhudjh elgghu/ uhvshfwlyho|1 Iru wkh 5 xqlw/ ghfuhdvlqj
kd}dug0udwh fdvh/ krzhyhu/ wkh fdofxodwlrqv duh wulfnlhu vlqfh wklv lv wkh vshfldo fdvh lq
zklfk wkh dvfhqglqj dxfwlrq jlyhv srvlwlyh h{shfwhg vxusoxv wr wkh orzhvw w|sh ri elgghu
4 +vhh qrwhv 4< dqg 64 ri wkh wh{w,/ vr wkh h{shfwhg uhyhqxh iurp wkh dvfhqglqj dxfwlrq
lv wkh vxp ri wkh h{shfwhg pdujlqdo uhyhqxhv ri wkh zlqqlqj elgghuv plqxv wklv h{shfwhg
vxusoxv1
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Uhihuhqfhv

Dvkhqihowhu/ Ruoh|/ �Krz Dxfwlrqv Zrun iru Zlqh dqg Duw�/ Mrxuqdo ri Hfr0
qrplf Shuvshfwlyhv/ 4<;</ 6/ ss1560661

Dyhu|/ Fkulvwrskhu/ �Vwudwhjlf Mxps Elgglqj lq Hqjolvk Dxfwlrqv�/ plphr/
Kduydug Vfkrro ri Jryhuqphqw/ 4<<9 dqg Uhylhz ri Hfrqrplf Vwxglhv/ iruwk0
frplqj1

Dyhu|/ Fkulvwrskhu/ dqg Ndjho/ Mrkq K1/ �Vhfrqg0Sulfh Dxfwlrqv zlwk Dv|p0
phwulf Sd|r�v= Dq H{shulphqwdo Lqyhvwljdwlrq�/ Nhqqhg| Vfkrro ri Jryhuq0
phqw dqg Xqlyhuvlw| ri Slwwvexujk Plphr/ dqg Mrxuqdo ri Hfrqrplfv dqg
Pdqdjhphqw Vwudwhj|/ iruwkfrplqj/ 4<<:1

D|uhv/ Ldq dqg Fudpwrq/ Shwhu/ �Gh�flw Uhgxfwlrq Wkurxjk Glyhuvlw|= Krz
D!updwlyh Dfwlrq dw wkh IFF Lqfuhdvhg Dxfwlrq Frpshwlwlrq�/ Vwdqirug
Odz Uhylhz/ Dsulo 4<<9/ 7;+7,/ ss1 :940;481

Ehfnhu/ Jdu| V1 �D Qrwh rq Uhvwdxudqw Sulflqj dqg Rwkhu H{dpsohv ri Vr0
fldo Lq xhqfhv rq Sulfh�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 4<<4/ <<+8,/ ss1443<0
44491

Ehjjv/ Dodq dqg Judgg|/ Ndwku|q/ �Ghfolqlqj Ydoxhv dqg wkh Diwhuqrrq Hi0
ihfw= Hylghqfh iurp Duw Dxfwlrqv�/ Orqgrq Exvlqhvv Vfkrro Zrunlqj Sdshu/
4<<:1

Elnkfkdqgdql/ Vxvklo dqg Uloh|/ Mrkq J1/ �Htxloleuld lq Rshq Frpprq Ydoxh
Dxfwlrqv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ Iheuxdu| 4<<4/ 86+4,/ ss4340631

Elnkfkdqgdql/ Vxvklo dqg Uloh|/ Mrkq J1/ �Htxloleulxp lq Rshq Dxfwlrqv�/
Xqlyhuvlw| ri Fdoliruqld dw Orv Dqjhohv Zrunlqj Sdshu/ Dxjxvw 4<<61

Eodfn/ Mdqh/ dqg gh Ph}d/ Gdylg/ �V|vwhpdwlf Sulfh Glyhujhqfhv Ehwzhhq
Vxffhvvlyh Dxfwlrqv Duh Qr Dqrpdo|�1 Mrxuqdo ri Hfrqrplfv dqg Pdqdjh0
phqw Vwudwhj|/ 4<<5/ 4/ ss193:05;1

Exorz/ Mhuhp| dqg Nohpshuhu/ Sdxo/ �Dxfwlrqv yv Qhjrwldwlrqv�/ Dphulfdq
Hfrqrplf Uhylhz/ Pdufk 4<<9/ ;9+4,/ ss14;304<71

Exorz/ Mhuhp|/ Jhdqdnrsorv/ Mrkq/ dqg Nohpshuhu/ Sdxo/ �Pxowlpdunhw
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Roljrsro|= Vwudwhjlf Vxevwlwxwhv dqg Frpsohphqwv�/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ Mxqh 4<;8d/ <6+6,/ ss17;;08441

Exorz/ Mhuhp|/ Jhdqdnrsorv/ Mrkq/ dqg Nohpshuhu/ Sdxo �Kroglqj Lgoh Fd0
sdflw| wr Ghwhu Hqwu|�/ Hfrqrplf Mrxuqdo/ Pdufk 4<;8e/ <8/ ss14:;04;51

Exorz/ Mhuhp|/ Kxdqj/ Plqj/ dqg Nohpshuhu/ Sdxo/ �Wrhkrogv dqg Wdnhryhu0
v�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ iruwkfrplqj1

Exorz/ Mhuhp| dqg Urehuwv/ G1 Mrkq/ �Wkh Vlpsoh Hfrqrplfv ri Rswlpdo
Dxfwlrqv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ Rfwrehu 4<;</ <:/ ss143930<31

Gdqlho/ Nhqw dqg Kluvkohlihu/ Gdylg/ �D Wkhru| ri Frvwo| Vhtxhqwldo Elg0
glqj�/ plphr/ Xqlyhuvlw| ri Fklfdjr dqg Xqlyhuvlw| ri Plfkljdq/ Ghfhpehu
4<<81

GhJuded/ Sdwulfn/ �Ex|lqj Iuhq}lhv dqg Vhoohu0Lqgxfhg H{fhvv Ghpdqg�/
Udqg Mrxuqdo ri Hfrqrplfv/ Vxpphu 4<<8/ 59+5,/ ss1 6640751

GhJuded/ Sdwulfn dqg Ud� Prkdpphg / �Lqwhuwhpsrudo Pl{hg Exqgohv
dqg Ex|lqj Iuhq}lhv�/ Zrunlqj Sdshu/ Ihghudo Frppxqlfdwlrqv Frpplv0
vlrq/4<4<P Vwuhhw/ Urrp 86;/ Zdvklqjwrq G1F 53887/ Pdufk 4<<91

Ghqlfror/ Ylqfhq}r dqg Sdxor Jduhood/ �Udwlrqlqj lq d Gxudeoh Jrrgv Prqrsro|�/
Zrunlqj Sdshu/ Glsduwlphqwr gl Vflhq}h Hfrqrplfkh/ Vwudgd Pdjjlruh 78/
73459 Erorjqd/ Lwdo|/ Dxjxvw 4<<9/ dqg xqghu uhylvlrq iru Udqg Mrxuqdo ri
Hfrqrplfv1

yrq ghu Ihku/ Qlov0Khquln P�ufk/ �Suhgdwru| Elgglqj lq Vhtxhqwldo
Dxfwlrqv�/ R{irug Hfrqrplf Sdshuv/ 4<<7/ 79/ ss167806891

gh Iuxwrv/ Pduld Dqjhohv/ dqg Urvhqwkdo/ UrehuwZ1/ �Rq VrphP|wkv derxw
Vhtxhqfhg Frpprq0ydoxh Dxfwlrqv�/ Xqlyhuvlgdg Fduorv LLL gh Pdgulg dqg
Ervwrq Xqlyhuvlw| Plphr/ Dsulo 4<<:1

Jloehuw/ Ulfkdug dqg Nohpshuhu/ Sdxo/ �Dq HtxloleulxpWkhru| ri Udwlrqlqj�/
Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh| dqg Xqlyhuvlw| ri R{irug Zrunlqj Sd0
shu/ 4<<:1

Kduulv/ Plowrq dqg Udyly/ Duwxu/ �Doorfdwlrq Phfkdqlvpv dqg wkh Ghvljq ri
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Dxfwlrqv�/ Hfrqrphwulfd/ Qryhpehu 4<;4/ 7<+9,/ ss1 47::0<<1

Kluvkohlihu/ Gdylg/ �Phujhuv dqg Dftxlvlwlrqv= Vwudwhjlf dqg Lqirupdwlrqdo
Lvvxhv1� Fkdswhu 59 ri Ilqdqfh/ Mduurz/ U1 D1/ Pdnlvprylf/ Y1 dqg ]lhped/
Z1 W1 hglwruv/ Qruwk0Kroodqg/ yroxph </ Kdqgerrnv lq Rshudwlrqv Uhvhdufk
dqg Pdqdjhphqw Vflhqfh/ 4<<81

Ndjho/ Mrkq K1/ Ohylq/ Gdq/ dqg Kduvwdg/ Urqdog P1/ �Frpsdudwlyh Vwd0
wlf H�hfwv ri Qxpehu ri Elgghuv dqg Sxeolf Lqirupdwlrq rq Ehkdylrxu lq
Vhfrqg0Sulfh Frpprq Ydoxh Dxfwlrqv�/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkh0
ru|/ 4<<8/ 57/ ss156<064<1

Nohpshuhu/ Sdxo/ �Dxfwlrqv zlwk Doprvw Frpprq Ydoxhv= Wkh cZdoohw
Jdph* dqg lwv Dssolfdwlrqv�/ Qx!hog Froohjh Zrunlqj Sdshu/ Qr1 467/ 4<<:1

Nulvkqd/ Ylmd| dqg Prujdq/ Mrkq/ �+Dqwl0, Frpshwlwlyh H�hfwv ri Mrlqw Elg0
glqj dqg Elgghu Uhvwulfwlrqv�/ Shqq Vwdwh dqg Sulqfhwrq Xqlyhuvlw| Plphr/
Iheuxdu| 4<<:1

Ohylq/ Gdq/ Ndjho/ Mrkq K1/ dqg Ulfkdug/ Mhdq0Iudqfrlv/ �Uhyhqxh H�hfwv
dqg Lqirupdwlrq Surfhvvlqj lq Hqjolvk Frpprq Ydoxh Dxfwlrqv�/ Dphulfdq
Hfrqrplf Uhylhz/ Mxqh 4<<91

Ohylq/ Mrqdwkdq/ �Dxfwlrqv iru Frpsohphqwv dqg Vxevwlwxwhv�/ P1L1W1Zrun0
lqj Sdshu/ 4<<:1

Orsrpr/ Jlxvhssh/ �Wkh Hqjolvk Dxfwlrq lv Rswlpdo Dprqj Vlpsoh Vh0
txhqwldo Dxfwlrqv�/ Qhz \run Xqlyhuvlw| Zrunlqj Sdshu/ dqg Mrxuqdo ri
Hfrqrplf Wkhru|/ iruwkfrplqj1

Pdwwkhzv/ Vwhyhq/ �Lqirupdwlrq Dftxlvlwlrq lq Glvfulplqdwru| Dxfwlrqv�/
Fkdswhu 44 lq Ed|hvldq Prghov lq Hfrqrplf Wkhru|/ P1 Er|hu dqg U1 H1
Nlkovwurp +hgv1,/ Hovhylhu Vflhqfh/ 4<;71

PfDihh/ U1 Suhvwrq dqg PfPloodq/ Mrkq/ �Dqdo|vlqj wkh Dluzdyhv Dxfwlrq�/
Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ Zlqwhu 4<<9/ 43+4,/ ss1 48<04:81

PfDihh/ U1 Suhvwrq dqg Ylqfhqw/ Gdqlho/ �Wkh Ghfolqlqj Sulfh Dqrpdo|�/
Mrxuqdo ri Hfrqrplf Wkhru|/ Mxqh 4<<6/ 93+4,/ ss1 4<405451
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Slwfkln/ Fduro|q/ �Exgjhw0Frqvwudlqhg Vhtxhqwldo Dxfwlrqv zlwk Lqfrpsohwh
Lqirupdwlrq�/ plphr/ Xqlyhuvlw| ri Wrurqwr/ Mxo| 4<<81

Slwfkln/ Fduro|q dqg Vfkrwwhu/ Dqguhz/ �Shuihfw Htxloleuld lq Exgjhw Frq0
vwudlqhg Vhtxhqwldo Dxfwlrqv= Dq H{shulphqwdo Vwxg|�/ Udqg Mrxuqdo ri
Hfrqrplfv/ 4<+6,/ 6960;;/ Dxwxpq 4<;;1

Yheohq/ Wkruvwhlq/ Wkh Wkhru| ri wkh Ohlvxuh Fodvv= Dq Hfrqrplf Vwxg|
ri Lqvwlwxwlrqv1 Orqgrq= Xqzlq Errnv/ 4;<</ uhsulqwhg Qhz \run= Gryhu
Sxeolfdwlrqv/ 4<<71
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